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This chapter provides a review of the frameworks developed for cosmological perturbation theory in loop
quantum cosmology and applications to various models of the early universe including inflation, ekpyrosis,
and the matter bounce, with an emphasis on potential observational consequences. It also includes a discus-
sion on extensions to include non-Gaussianities and background anisotropies, as well as on its limitations
concerning trans-Planckian perturbations and quantization ambiguities. It concludes with a summary of

recent work studying the relation between loop quantum cosmology and full loop quantum gravity.
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Introduction

515

Loop quantum cosmology (LQC) is a quantum theory for the gravitational field of homogeneous space-
times commonly used in cosmology that is based on the techniques of loop quantum gravity (LQG). As has
been reviewed in the previous chapter of this book, in recent years LQC has led to significant insights and
detailed results concerning the quantization of these cosmological models, and fundamental questions have
been addressed-in particular, the classical big bang singularity is resolved by a non-singular bounce due to
quantum gravity effects. LQC thus provides a detailed description of the spacetime geometry during the

Planck era for Friedman-Lemaitre-Robertson-Walker (FLRW) and Bianchi spacetimes.
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The natural next step is to use LQC to extend our current model of the early universe to include Planck
scale physics, by developing a framework for cosmological perturbation theory in LQC. The goal of such an
extension is twofold. On the one hand, it would allow us to overcome the limitations of general relativity, on
which the standard cosmological model rests, and to achieve a more complete picture of the past history of

the cosmos. And, on the other hand, such an extension could potentially connect Planck scale physics with



observations-in particular of the cosmic microwave background (CMB), the faint afterglow of the primordial
universe-thereby opening an avenue to test some of the ideas on which this approach to quantum gravity rests.
Describing the state of the art of this research program in a pedagogical yet comprehensive way is the primary
goal of this chapter.
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An additional motivation to study cosmological perturbations is more conceptual. Homogeneous space-
times have a finite number of degrees of freedom, while cosmological perturbations are described by fields
with local degrees of freedom. Cosmology, in addition to offering the possibility of comparing predictions to
observations, also offers a simple testing ground for various tools and techniques of full quantum gravity, and

this testing ground will be vastly enriched by extending it to have local degrees of freedom.
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Including local degrees of freedom is a challenging task, as the simplifying consequences of exact ho-
mogeneity can no longer be used. A variety of different approaches to extend LQC to include cosmological
perturbations have been developed during the last decade, each with some simplifying assumptions and some

strengths and weaknesses.
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Importantly, these various extensions of LQC can provide a quantum gravity extension to many types of
cosmological models including inflation, ekpyrosis, and the matter bounce. For example, in the standard
inflationary scenario, one normally starts the evolution far from the Planck era, when the curvature and
energy density of matter fields in the universe is around twelve orders of magnitude below the Planck scale
and quantum gravity effects are negligible. Our ignorance about the earlier stages of cosmic evolution is
encoded in the choice of initial conditions at the onset of inflation, for both the background homogeneous
geometry and cosmological perturbations, with the latter typically assumed to be in the so-called Bunch-
Davies vacuum at the onset of inflation. This is a key, yet strong assumption. It is of considerable interest to
extend this scenario backwards in time to include the Planck era and to show that such initial conditions (or
something close to them) can be derived as a result of the pre-inflationary dynamics when quantum gravity
effects become important. Further, in typical inflationary models, the background spacetime is classically
singular, but this is cured in LQC where quantum gravity effects replace the big bang singularity by a non-
singular bounce. Similarly, both the ekpyrotic and matter bounce scenarios require a cosmic bounce, and

LQC provides a natural mechanism for such bounce.
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This chapter provides an overview of how LQC provides a quantum gravity completion of these cosmo-
logical scenarios and highlights the extra features that this extension adds to observable quantities. These
new effects, due to quantum gravity, are a window to the Planck era of the cosmos and can be used to test the
ideas discussed here by comparing the predictions to observations of the CMB. In addition, these results also
provide insight on how standard quantum field theory can emerge from a background-independent approach

to quantum gravity, among other foundational questions for quantum cosmology.
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The outline of this chapter is the following: the section ”Standard Cosmology: Review and Guidance for
Quantum Gravity” provides a brief review of standard cosmological perturbations. Then the section "Cosmo-
logical Perturbations in LQC” presents four different and complementary LQC-based frameworks for cosmo-
logical perturbation theory, and the section “Predictions for the CMB” describes the results of applying these
frameworks to different cosmological models, including inflation and some alternatives to inflation. Exten-
sions to include non-Gaussianities and background anisotropies are reviewed in the section ”Extensions”, and
some limitations are discussed in the section ”"Limitations”. Finally, we end with some comments on the link
between LQC and LQG in the section "Beyond LQC”. We use natural units wherec=G=#a=1.
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Standard Cosmology: Review and Guidance for Quantum Gravity
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Before discussing quantum gravity effects on cosmological perturbations, it is useful to review standard



cosmological perturbation theory based on quantum field theory on a fixed classical background; for a de-
tailed introduction, see, e.g., [167]. In addition to setting the notation and pointing out some key results, this
discussion will give some basic intuition about the dynamics of cosmological perturbations and provide some
hints as to where quantum gravity effects may be expected to arise-for pedagogical purposes, this last part of
the discussion is qualitative in this section; the way this picture concretely emerges in LQC is presented later

in this chapter.
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Throughout this chapter, we mostly focus on scalar perturbations to shorten the discussion. We provide

references to the relevant literature for the interested reader for details on tensor and vector modes.
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For concreteness, we will consider cosmological perturbations on a spatially flat FLRW background
geometry for the case that the matter content is a minimally coupled scalar field ¢ sourced by a potential
V (¢) . (Other matter fields and homogeneous background geometries are possible; see, e.g., the subsection
“Anisotropies” for a summary on the extension to Bianchi I). Perturbations to the metric tensor and the scalar
field, 8g,p, (x,t) and 8¢ (%, t) , contain three physical degrees of freedom: a scalar mode due to matter and two
tensor modes of purely gravitational origin, corresponding to the two polarizations of gravitational waves.
Vector perturbations can be ignored in this scenario, as they do not get excited by scalar matter.
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The scalar mode can be described by the field Q that is gauge-invariant in the sense that it is invariant
under linear diffeomorphisms; note that Q is related to the familiar comoving curvature perturbation R and
the Mukhanov-Sasaki variable v by Q = z/aR = v/a, where z = aqS/H and, as usual, a (¢) is the scale factor
of the background spacetime, H (t) = a/a is the Hubble rate, and a dot denotes a derivative with respect to

the cosmic time.
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The classical phase space of interest is therefore T ;s = I'pom ® I pere » Where 'y, is the standard
phase space of FLRW geometry, made of the two canonical pairs (a, Ty P, p¢) ,and T ¢ is the phase space

of scalar and tensor perturbations. I ., is commonly called the "reduced phase space” of the perturbations



because it only includes the gauge-invariant degrees of freedom of g, (x,t) and 6¢ (%, t) .
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Still in the classical theory, the dynamics is determined as follows. The background dynamics in Iy, is
simply determined by the usual Friedman equations for FLRW spacetimes, while the dynamics of the scalar

is dictated by the true Hamiltonian (in Fourier space)
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where N is the lapse function. This expression is obtained by expanding the scalar constraint of general

1 2
e N] = d3k<5(p§f’)| +a(k2+U) |Qk|2>, 1)

relativity up to second order. Note that the scalar mode behaves as a minimally coupled scalar field with an

effective potential
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where V4 (¢) and V 44 (¢) are the first and second derivatives of the scalar field potential V' (¢) with
respect to ¢ , while r = 3Kpé/ [ pé/Z + a6V(¢>)] . The equation of motion, expressed in terms of conformal

timen, is
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Here primes denote derivatives with respect to the conformal time, with f’ = af . This is a second-order
ordinary differential equation with coefficients given by the background quantities, such as the scale factor
a(n) and its derivative. The dynamics for tensor modes are very similar, except with no effective potential,
U tensor = 0.
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It can be convenient to rewrite the equation of motion in terms of other variables describing the scalar

mode, for example, for the Mukhanov-Sasaki variable v = aQ
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andz"/z=d"/a—U.
HEZ'/z=ad"/a-U,

Therefore, in this perturbative approach, one first solves the evolution for the background degrees of
freedom a () and ¢ (n) , while ignoring perturbations; the solution fixes the background spacetime metric
once and for all. Next, the solution for a () and ¢ () is needed for Eq. (3) whose solution, in turn, determines

the dynamics of the linear perturbations. This completes the summary of the classical theory.
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In approaches to the early universe such as inflation, one further proceeds to quantize the perturbations
while leaving the background geometry classical. The homogeneous phase space I',,, and its dynamics are
unmodified, but the classical phase space for the perturbations T, is replaced by a Hilbert space 7 pey; »
and the quantum dynamics is determined by interpreting (3) as the Heisenberg equation for the operator Ok
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Importantly, z'’/z introduces a scale into the dynamics as can be most clearly seen from Eq. (4). In
inflation, this length scale is the Hubble radius r;; = 1/H , but more generally \/m gives a measure of the
radius of curvature of the background spacetime. Given the importance of this lengthscale, it is natural to
split the Fourier modes vy into two categories: those with a wavelength shorter than /|z/z"| and those with
a longer wavelength.

FER, 2/ BNNFEIINT —MHERE, XS (@) Pl B RE R, ERIkd, X
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For short-wavelength modes (k? > |z”/z]) , the term |z”/z| in (4) is unimportant; in plain words, short-
wavelength modes do not “feel” the curvature of the background spacetime and evolve exactly as in the
Minkowski space, while long-wavelength perturbations (k2 < |z"/zl) do feel the spacetime curvature and

evolve differently, with in this case the k? term in the equation of motion being negligible.
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This simple fact of the physics underlying cosmological perturbations helps to understand where quan-
tum gravity effects might arise. There are two obvious possible regimes: (i) for short-wavelength modes that
have a wavelength comparable to the Planck length ¢p; and (ii) for long-wavelength modes at a time when
the dynamics of the background spacetime are modified by quantum gravity effects (since this will in turn

introduce corrections in z" /z which impacts long-wavelength perturbations).
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For the first possibility, modifications to the equations of motion for cosmological perturbations may
arise for wavelengths 1 ~ £p; . Recalling that short-wavelength modes evolve just as in the Minkowski space,
quantum gravity effects for these modes are typically modeled as modifications to the dispersion relation for
the perturbations with the equation of motion becoming v}, + f (k)zv x = Owhere f (k) depends only on k and
is independent of the scale factor a (¢) and other geometric degrees of freedom of the background spacetime
and f (k) — k in the limit 1 > ¢y . It has been shown that so long as f (k) is real and the background
dynamics is sufficiently smooth so the quantum state |v, ) evolves adiabatically, modified dispersion relations

will not have any impact on predictions for the CMB [69].
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This leaves the second possibility: the evolution of long-wavelength perturbations depends on the back-
ground spacetime, and if the dynamics of the background are modified due to quantum gravity effects, then
these will in turn have an impact on long-wavelength perturbations, which can potentially show up in the
CMB.
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This expectation due to general heuristic arguments is in fact realized and made precise by ab initio
calculations in LQC, as shall be reviewed below.
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Cosmological Perturbations in LQC
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Progress in understanding the very early universe has been possible due to a key observation of the CMB:
the early universe was extraordinarily homogeneous and isotropic [23], and departures from exact homogene-
ity are sufficiently small that they can be described by linear perturbation theory on a FLRW geometry.

XN ER SO T DA PR A5 2 T 3 o ol 1 SR B — R B : S = s Ao 3 5 ARl (23],
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As reviewed in the section “Standard Cosmology: Review and Guidance for Quantum Gravity”, in stan-
dard cosmology the dynamics of the background and the perturbations are derived from the Einstein equa-
tions; the background is treated classically, while the fields describing the perturbations are quantized using

linear quantum field theory in curved spacetimes, neglecting backreaction on the background spacetime.

B “PREF Y BF5IOMEISHE5” — TR, fEFETEZS, BRSMIsh#8
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b, BRSHHN RN RAEH.

It is not possible to follow the same procedure in LQG because the quantum analog of the Einstein equa-
tions is not yet fully understood. Much of the work in LQC initially focused on homogeneous spacetimes,
but now there has been considerable work to extend the formalism of LQC to include perturbations. Here we
summarize several strategies that have been developed to study cosmological perturbations in LQC, empha-

sizing their strengths and weaknesses.
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Dressed Metric Approach

40195 WARES

The dressed metric approach to cosmological perturbation theory in LQC is based on a framework for
quantum field theory on a quantum background spacetime [32]. It follows the strategy of semi-classical cos-
mology: restrict attention, already in the classical theory, to FLRW geometries with linear, gauge-invariant
perturbations, and then quantize this sector [9,10] . This is a natural extension of LQC applied to homoge-
neous spacetimes, where homogeneity is imposed classically and it is only the phase space reduced to the
homogeneous degrees of freedom that is quantized. The idea underlying the dressed metric approach is to

now include linear perturbations in the phase space that is to be quantized.

11
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This approach rests on three key assumptions. (i) Gauge-invariant perturbations are defined at the clas-
sical level; this assumes that quantum corrections to the definition of gauge-invariant perturbations are sub-
leading compared to other quantum gravity effects. (ii) The backreaction of perturbations on the homoge-
neous geometry is neglected, as is standard for linear perturbation theory; the consistency of this assumption
is checked a posteriori by verifying that perturbations remain sufficiently small, as is also done in the semi-
classical theory. (iii) The quantization is based on a hybrid approach, where the homogeneous degrees of
freedom are quantized following LQC, while perturbations are handled by standard quantum field theory.
This hybrid approach was first introduced for Gowdy cosmologies [159] and ignores the effects of potential
LQC corrections to the equations of motion for the perturbations themselves, which is motivated by the fact

that the energy-momentum of curvature perturbations always remains well below the Planck scale [11].
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In general terms, this approach follows a very similar strategy to the strategy reviewed in the section
”Standard Cosmology: Review and Guidance for Quantum Gravity”, with the important difference that the
background geometry is now also quantized: the classical phase space I' ., is replaced by the Hilbert space
Hrgc of LQC for FLRW spacetimes, described in the Handbook’s previous chapter on homogeneous LQC.
The FLRW background is therefore no longer described by classical functions a () and ¢ () , but instead by a
wave function ¥, (a,¢) . The challenge now is to determine the dynamics for the perturbations given the
quantum background spacetime ¥y, (a, ).

BATE, ZTEEERRIES P B 5 IRIRIES fE517 — 9 BB SRS AR F AR,
—ANEEXFIZ A E 5 LA E 7 T SHAEZE R T o, B0 BN FLRW I 22 LQC HIFR/ZR1H
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W hom (@, @) HITHIL N FE MELHIBN 1%,

In more detail, following the principles of LQG, the dynamics for perturbations in the dressed metric
approach is derived starting from the Wheeler-de Witt equation H ¥ =0,where ¥, (a,¢, Q) is the
quantum state including both background and scalar perturbation degrees of freedom. The Hamiltonian
H, =Hy,, + H pert CONtains a background term Hyom = (@ — a;) /2 corresponding to the LQC Hamil-
tonian constraint for the homogeneous FLRW spacetime (as reviewed in the Handbook’ s previous chapter
on homogeneous LQC), with [©) being the gravitational part of H,om > while H pert 18 the Hamiltonian for the

scalar perturbations (for the extension to tensor modes, see [9]).
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A, G LQG K, BRI IR HEN ) 2R N B TR H o P o =0
RSN, Hhw o (a,¢, Q) BRI E ST RARRMILE BN R 78, I8%IE A, =
Apom + Hpere BEBERI Ao, = (0 63)/2, AMFFFHE FLRW I Z5H LQC AR (A T
HERITFIE LQC W EALIR), H 0 2 Hyom W51, H o RIRERIRIIEETR Gk
BT I [9]o

After deparameterization and interpreting ¢ as time, H ¥, = 0canbewritten asa Schrodinger equa-
tion

EBEWITR p1RRNIRG, Ho o =0 Al AE NEEE TR

1
_iaqblptot = |@ - Zf—\lpert |5lptot' ©)
Perturbative methods can be used to solve this equation, following steps analogous to those used for the
classical theory. First, it is assumed the background geometry is not affected by the perturbations, so the total
wave function has a product form ¥ (a,$, Q) = ¥hom (a,¢9) ® ¥ pert (@, P, Q) - Second, the operator €]
is interpreted as the Hamiltonian of the "heavy” degree of freedom and A pert as the Hamiltonian of the light
degree of freedom; using this to expand the square root in (5) gives [32]

MRy R AR 12, SREEMEICHTASERECL, Bk, BIRERILARZMIRE,
R I BB TR W 0 (0,6, Qi) = WPom (0. 8) ® W pert (a4, Qi) o HIR, HFF © Hefiehe
h “E” BHERRETR, O SEREA YR B REREEEE; FAX—sEFR () P
77 ARAT S [32]

—i ((a¢\P hom ) ® IIJpert + IIIhom ® (a¢lP pert )) = \/611I hom ® IIIpert - I/_\Ipert (lp hom ® IIIpert ) .

Note that © does not act on perturbations, but A pert acts on both background and perturbation states, as
it contains background as well as perturbation operators. The third step is to choose ¥, so it satisfies the
background quantum equation —idg¥ pom = \/6‘11 nom - This makes the first term in the left and right sides
of the previous equation to cancel out, and the remaining quantum dynamics

TER © FMBERIEA, (0 7 o RIS RSFMIRSIER, FAERN S RENSHIRER.
BBV o BHIEE R T IR —i0,% o = VO o, o XA AT— AL AE AU
BTHHEAH, FIRE T3

¥ hom ® (la¢‘P pert ) = ﬁpert (IIJ hom ® lIIpert ) ’ (6)

can be used to solve for ¥ ., Since the left side of this last equation is proportional to Wy, , it follows
that so is the right side. Due to this property, no information is lost when taking the inner product of this
equation with W, , which gives

AT R W ey, o HITBRIGRXDTTRRIEMS W hom MRIELL, KA MEARE W BRIEEE,
TR, MZGTERS ¥y, IRRINAEZRKER, B
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ia¢qj pert — <ﬁ pert >lp pert » @)

where the expectation value is taken in the state ¥, .
HAHBE RS ¥ o FHER,

Interestingly, the previous equation shows that, at leading order, the evolution of perturbations propa-

gating on a quantum FLRW geometry ¥, is described by replacing the background operators in the Hamil-

tonian @(ZQ ) by their expectation value in the state ¥y, . This, in turn, allows us to write the equations of

motion in the Heisenberg picture, producing [11]

InZd
i

HENE, LRTTHEERH, EYCKM, EREER T FLRW JUA W, EAORPLEART DOEE RG
i O I R BTN CTER W o PR ERAIA, XS R X A GRAE iR 2
2 PHIBEITRE, 158 [11]

A a A’ YA\ Yo)
Qk+2EQk+@9+udeQk=0, 8)

where the effective conformal time 7 is defined by its relation to the internal time ¢

HAERALUIE 7 HE SN E ¢ FIKRE X

a7 = @ @)(67: )ag, ©)

and

AL A L\ 4 Al 1
i ((@ 104 ($) 0 4>) — (18206207 1)
=|—-I—1| | U= .

~_L Al L1
(@ 2) (@ 2440 %)

(10)

The presence of the operator © in these expressions originates from the lapse function N associated
with evolution in internal time ¢ ; this lapse is implicitly included in the Hamiltonian A pert 10 EQ. (7); see
[11] for details. Note that whenever there are factor ordering ambiguities, a symmetric order has been chosen.
Another ambiguity concerns the form of U . Before quantization, it is possible to use the classical Friedman
equations to rewrite U (e.g., replacing H2 by 3/xp , with p the energy density of the scalar field); but since the
Friedman equations are modified in LQC, rewritings of U of this type produce inequivalent expressions for
the quantum operator U . This ambiguity is intrinsic to quantum theories with constraints, and it will arise

on several occasions throughout this chapter.
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IXEEFGR RN ERF © LR T 5NN ¢ HAKBMINBRE N, ; ZNBHRESESER (7)
HINA TR T por 75 PEWSCHR [11], VR, NFTEHRFHEF BTy, FROTE0ES: TR FRHE
Fo B—RENE U MIERE X, ‘AL, AIRIAGMIEREEFRES u @i, % 12
BN 3/kp, Hi p BIREZHEEREE); [HlTHRESTRERE Tl AP BK, X%
N u WESSGHE TR U MAFNRIAN, XA SR AR TR NEMERR, AR
HRZIRHEL

A key result is that (8) has the same general form as the semi-classical equation (3) for D. Although the
framework is conceptually very different, with a background described by a quantum LQC state, at leading
order in perturbations, the evolution (8) is identical to a field theory on a smooth FLRW metric with the
effective, quantum-corrected line element ds* = a* (%) (—d#* + dx?) . Finally, in terms of the Mukhanov-

Sasaki variable v, the dynamics are

— LR R (8) 5 D IEASE 3) AA SR — R, RUE - EEME LER
ZFRR—IH R 2 LQC A, EEMMMIVIEKIMT, T2 (8) MAREFBIELk
TEHN ds* = @2 (7) (—d7* + dx*) BIEH FLRW AL ERI7ieE 28 &Ja, DUBIRTER- AR
B v B E N

oy + <k2 - % + i(’d> O = 0. (11)

These results merit a brief discussion. In LQC, the background homogeneous geometry is quantum and

described by a wave function ¥4, . There is no smooth geometry on which other fields propagate and no

a priori notion of light-cones. Instead, the boundaries of causal propagation emerge from the full quantum

dynamics: the propagation of Q is exactly that of fields on a globally hyperbolic FLRW spacetime with metric

tensor g, , and the equations of motion are generally covariant and locally Lorentz invariant. In other words,
a quantum field theory on a FLRW geometry emerges from the quantum geometry ¥, .

IXEELRERRENIE, £ LQCH, FRIINJURE TR, HBEE Yy Wi, AEER
HHEMAERERER LA, A RRADEHEMS, AR, BIRERIAFHEER T h¥T

Q HIFEHR SRR FLRW 2 EERLSK BN g, FIAtEREE 2 —3, HizshiRie etk
GRS, #angi, FLRW LA ERETFIZIENETILA ¥ BRI,

The metric g, is commonly called the effective dressed metric [32]; beyond approximating the physical
background geometry, it encodes all the information contained in ¥, that the test field Q is sensitive to.
This is what the adjective “effective” refers to. On the other hand, g,; is also called “"dressed” because it
depends not only on the mean value of ¥, but also on some of its quantum fluctuations.

JERL gop IEH BANERUEMHEM [32]; EBR TILMPEE R UAIZIN, BT W, FATHRE
B 0 AAER. X “AR —WE L. 5—T7H, g $EA “EBi"7, BEAESR
PRI W pom FIFIIME, IEMAEHR D BTk

At a practical level, to evolve perturbations on a quantum FLRW geometry ¥, , it is sufficient to

compute the components of g, from ¥,,,,, and then proceed exactly as in standard quantum field theory in

curved spacetimes.
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If the state W, is sharply peaked on a classical trajectory at late times (i.e., if Aa/(a) < 1 at late time,
where Aa is the quantum dispersion of d ), then the scale factor a of the dressed metric reduces to a solution of
the effective equations of LQC, discussed in the Handbook’s previous chapter on homogeneous LQC. In this
case, the dressed metric approach becomes very simple and is formally identical to the semi-classical theory
of cosmological perturbations, except with the scale factor replaced by a solution of the effective equations of
LQC. Since the effective equations become indistinguishable from the classical Friedmann equations far from
the Planck regime, this implies that the quantum field theory in quantum spacetimes just described reduces

to standard quantum field theory on classical spacetimes in that regime.

QRIS W pom TEMRIIRBLIE (L AELLHUBNIE E (BISMIHE Aa/(a) < 1, HH Aa 2 a IR TIRAED),
2EHERMBISRERE T a BN LQC ARG, ZNBCAEAFMZ IR TS LQC K
BEWHRIEE, XAMEOLT, BT ELRERE AR, X T E AR ig e e
—%, KHIAETARER TN LQC AR IR, BTz X, ARoiEms
MR RES TRRICEX 7, XEWERT XA EFNZ ENRF7ie, XK IR NZ NS
ERRNER T I7IE,

The computation of the dressed metric g, can be formally extended to background quantum states ¥,
that are not necessarily sharply peaked, but if quantum fluctuations are large, then there arise infrared diver-
gences due to ”long tails” in Wy, [133,135] . This is reminiscent of the infrared divergences that arise in the
calculation of the S-matrix in QED. One can envisage mechanisms for mathematically taming these diver-
gences, but a better physical understanding of them is needed first.

ETRIERL 8, HITHER AT DUE I EHET A —E RBUE LRI E R B TS W hom , HUMRETHERK,
Whom [133,135] FEY “KHEE" K5IRLNER XIEANBAEEI B30 ZHh i8R S FERER B3
AILLANR L. H AT 4] DARAR HWECE H I HlX L R, (B & SEREN BTE E &0
BN

The perturbative approach reviewed here, as well as the hybrid quantization described next, has been
criticized for neglecting possible quantum corrections to the definition of gauge-invariant perturbations while
including quantum corrections for the background degrees of freedom, which may entail a violation of general
covariance [50] (although note general covariance is broken in all perturbative approaches, particularly once
backreaction is neglected). As explained in assumption (i) at the beginning of the subsection “Dressed Metric
Approach”, working with the classical gauge-invariant variables consists in assuming that quantum correc-
tions to gauge transformations are subleading compared to the impact of modified background dynamics on

the perturbations. It would be desirable though to test this assumption from the viewpoint of full LQG.

A EIFRANX AT, DRSO EN ARG BT, —BESh: AT R E HE
AR TFEIERFEIR, A2 7T IEAZEaiE PN R FEIE, XAlRERFBOEHE X
WM [SOICREREER, FrEMITIEIBEN ™ XihEet:, TTHRERI RGN E
FEAL), 1EAN “BIEREMUITIR” /NTIT AR () AR, (RS Sya e 8 A RER A R
& MHELBIE S RENIE X PLEh MR, MEAHRA) & FBIEE TIX Leading 1. N, M5e#E
85171 (LQG) A XX — BRI TR SR, (/52 A R oe A LAF,
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Finally, recall that an important assumption underlying this formalism is the absence of significant back-
reaction of the perturbations on the homogeneous geometry. This assumption can be checked by comparing
the expectation value of the renormalized energy and pressure of perturbations with the background con-
tribution [10,11] and also by going to the next-to-leading order in perturbations [12]. The first approach
suffers from the standard ambiguities in defining the renormalized energy-momentum tensor in quantum
field theory in curved space-times [197]; using adiabatic regularization it has been shown that backreaction
is negligible throughout the evolution [11]. Similarly, following the second approach, the contribution of

perturbations at next-to-leading order is negligible; see the subsection "Non-Gaussianity” for details.

RGRERER, BERERN— D EEEMREE: IS UTNAAE R E IR, X &
&n] DOEE M 75 A Se: — R Pish BB L RE B 5 s RO B (E AN 7 ok [10,11] XPEE, =52
HHEEFBIHIIX Leading Bt [12], BB IEFEZS N2 & T CEBER ) BKER
PRBERERATE IR [197]; ESRAVEIRENRTTIERIDIFRRMA, RIEMAERAD SRR AT DR
[11], [AIFE, SRFHSE —Fh77 IR SE AR 2R Leading BIRBNTIRART MG HIZEIL; TR “AR&ite”
ASr

Hybrid Quantization

A T

Similar to the dressed metric approach, the hybrid quantization also adopts the philosophy of combining
a loop quantization of the homogeneous and isotropic universe with a Fock quantization of the inhomoge-
neous perturbations [105, 106, 164]. However, the strategy in the two approaches is different. In the dressed
metric approach, the total Hamiltonian is first split in two parts, namely, the constraint for the background
and the quadratic Hamiltonian for perturbations, which are treated separately, analogous to what is done
in standard cosmology. On the other hand, in the hybrid approach, the total Hamiltonian is truncated at
quadratic order in perturbations, and the background and quadratic Hamiltonians of the truncated system
are treated together as a constrained symplectic system, following [124]. In principle, the latter provides a
path to include some backreaction of perturbations [99], although a consistent treatment requires going to
second order in perturbation theory (since quadratic backreaction from linear perturbations is of the same
order as linear backreaction from second-order perturbations) and this has not been worked out explicitly
yet. When backreaction is neglected, the two approaches are classically equivalent for linear cosmological
perturbations. However, the concrete implementations of the two approaches put forward in the literature so
far differ partially because of different choices in factor-ordering ambiguities and in the choice of the definition
of the operator u [84,119].
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o3 AERIR AL TI&12 [99], AT BIARIAL PR TR 22 ERE R G IE B B (ROVERIE IR — IR S fE
S MRS R ERRER), X —RERTNEERAREAMIPR. SRR ERK, Wi
FESMET I NRIAE, HIES N IESCRP A R BRI AR £, XIETH
FHOF RHE MR FERE, DURSRF U [84,119] & AR RIERE,

In particular, when neglecting the backreaction, in the hybrid approach, the linearized equation for scalar

perturbations is [98]

e, SRMESAERN, TRETTTETIREMILHIZMEA T [98]

47G
v + <k2 — ”Taz (p—3P)+ Uh) v =0, (12)

where

5

487G

Up = a® |V 34 ($) + 487GV ($) — > V2 () + —— ba ¢

"¢(¢) (13)

The functions p and P are the energy density and pressure of the homogeneous universe; for a scalar field
with a potential V (¢) , we have p = (¢’ /a)2/2 +V(¢)and P = p — 2V (¢) . The potential U}, and its analog in
the dressed metric, U, , have the same classical limit; but they are different in LQC close to the bounce (and
the same is true for (47G/3) a® (o — 3P) and a’’/a ). This is an example of the ambiguity in the choice for the
potential U for the perturbations: different combinations are possible that give the correct classical limit.

B o F1 P BRI H IR BB ERIER; X THH v () KRR, B’ilE p= (/)2 +
V() FIP=p—2V($)o # Uy FMETEBIERERMAHIN NI 1y BAEHEFRZIKIE, Bk
B3 P P - S 2 h IR ((47G/3) a2 (o — 3P) Fll @’ Ja BN, XALEMELE u ik
BAFEARHE MR — M7 AT IS RIRRINA S, EATTERRES HIERTT 2 SRR,

It is interesting that the power spectra for the scalar and tensor perturbations calculated in these two
approaches are quite similar [11, 16, 67, 85, 99, 208, 211], despite the fact that the effective potentials near the
bounce can be different [98, 129].

BRENE, RERMIHENAERERIREARRE [98, 129], (HFAFN/ 2B 2R EMPLA5K B
IR H I+ 3 ML [11, 16, 67, 85, 99, 208, 211],

The similarity of the results for physical observables, in spite of these differences, is mainly because the

current observational frequency band observed in the CMB today corresponds to ultraviolet frequencies at the

time of the quantum bounce, for which the effects of the potential are negligibly small; this is true both for
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the hybrid [150, 208] and the dressed metric approaches [150, 211]. For further discussions on this point, see
[93, 145] and the subsection "Inflation in the Dressed Metric and Hybrid Approaches”.

RETFELIRESR, (AYIEn] VIR LS 2 B AR, 32 B2 R4 7852 R S5 oo 2|
FAT 224 BULIAT B X I - J SIS T SR AR, A T IR RA% A i) LIS AT X — MR
BT [150, 208] FUBELER F51% [150, 211] BT, R TIX—mINEZ NG, S ULSCHR [93, 145]
DR “BIERXEM A ESRETIEFINRIK” /N,

Separate Universe Loop Quantization

JrE T E R T

Another approach to cosmological perturbation theory in LQC is based on an adaptation of the “separate
universe” framework [178, 199]. The basic idea underlying this approach is that "derivative” terms are neg-
ligible for long-wavelength perturbations. Specifically, for a Fourier mode whose wavelength is greater than
the Hubble radius, k? < z'’/z in the equation of motion (4) and therefore the k? term can safely be neglected.

LQC F i BRI 73 — R IREE T X “ BT NSRRI [178,199], & TTIAMIRVLE
B KIEKMIN “SRBO” AlamG, BACRE, XTHRRATRZ-HENEERK, B35
(4) FHI K2 < 2"/z, DRI k> T0R] DAZZ 42 RS

Due to this simplification, it is possible to calculate LQC corrections for long-wavelength modes in a
relatively direct manner [202,205]. First, introduce a spatial discretization, such that the lattice spacing is
greater than 4/|z/z"| ; clearly this only captures long-wavelength perturbations. Note that neglecting the k?
term in Fourier space implies neglecting derivatives in position space, and on a lattice this implies neglecting
interaction terms between neighboring cells in the lattice. Second, for each cell in the discretization, the scale
factor a (x) is uniform, and therefore the spacetime geometry of each cell corresponds to a homogeneous
spacetime. Working in the longitudinal gauge, the spatial metric has the form q,;, = diag (a(x)z, a(x)z, a(x)z)
with a(x) = a(1 — ¥ (x)), which (for each cell) is exactly the flat FLRW metric. Of course, the scale factor
a(x) and the energy density in each cell in the lattice cannot vary too much from one cell to another if the
discretization is to describe small perturbations on a homogeneous background. Finally, the dynamics in each
cell are generated by precisely the Hamiltonian constraint of the flat FLRW spacetime (with no new terms
since interactions are being neglected for the long-wavelength modes being studied here) so the standard
loop quantization for FLRW (reviewed in the Handbook’s previous chapter on homogeneous LQC) can be
applied, without any modifications, to each cell. This process gives a loop quantization for long-wavelength
scalar perturbations.
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When quantum fluctuations are small, the dynamics of the long-wavelength scalar perturbations are well

approximated by the semi-classical equation

SR TEKERN, KIEKAREMILAIEN AT DA i R R AT T (e

vy — 27 v =0 (14)
where v is the Mukhanov-Sasaki variable introduced in (4). Note that this equation clearly has the correct

classical limit.
Hrb v 2 @) P ANBERIERAEEARTE, X AR EAREE IEMZ IR,

Further, this result fixes some ambiguities. In classical general relativity, it is possible to use the Friedman
equation to replace, e.g., H , by \/Wp/?» in the denominator of z ; however, the relation between H and
p changes in LQC. Therefore, it is necessary to determine what form of z is the correct one for LQC-this
calculation based on the separate universe approach gives the preferred form of z = a¢/H as the correct choice
for the potential for scalar perturbations in LQC. (Note that both z and v diverge at the bounce where H = 0
. This is not a problem with the dynamics but rather signals that v is not a good variable for perturbations
at the bounce-instead, it is necessary to use another variable, say the comoving curvature perturbation R , to

describe scalar perturbations at the bounce point.)

AR, X —ZERIETHER TR B, LM SR e, ] AR ST, Bk z o8k
HIY H &40 /87Gp/3 ; {H1E LQC 1, H Fl p SRR R4, FILFTHEHE z FMFERAE
LQC H2 IER—IXREE T 4> By T 77 AR TS, Uit z = ad/H RITEAEH LQC bR
BHIMBHIERE R, (EE z 7 v ERGEIR KR, W H =0, XAREENIZRIR-E, SKm
Wi v R R WAL HI AT R B — R ESN 5 — R, BN shi Rt R, Kb S
PREMI )

As explained above, the separate universe approach only focuses on super-Hubble modes and neglects
shorter-wavelength modes, so a natural question is whether it may be possible to extend this approach to
shorter wavelengths. In particular, at the bounce the curvature radius is ~ €p , so is it possible to describe
perturbations with a wavelength shorter than #p by generalizing this approach? (This question is closely
related to the trans-Planckian problem that will be discussed in more detail in the subsection "Trans-Planckian
Modes™.)
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It turns out that this is not possible, for the following reason. In such a quantum theory, for a given state
to correspond to a cosmological spacetime with small perturbations, it is necessary that the expectation value
of any operator O evaluated in any cell be close to the expectation value of 9) averaged over all cells. It can
be shown that this condition implies that the volume of each cell in the lattice must be much larger than €3,
[202], so the shortest Fourier mode that can be resolved in this approach for states with small perturbations
has a wavelength greater than €p, . In short, the approach of discretizing a cosmological spacetime with small
perturbations on a lattice works well, but only for perturbations whose wavelengths are always much greater
than €y : it is impossible to resolve trans-Planckian modes.

HIEEA, BT NRRE, XRIELIMN, FIXRETEIeH, FEILGTEE TSN M I
TR S, BRI L (E ST O TR AT RS BIMHIEE, #H0E O WFTE IR F
RIS E, A DAER, X — R ERAR R M IR AR R T 65 [202], RIS T4
IMIIRRIAS, %I TERE R MR R I K BR T o5 o fIT S 2, /MR 3 a7 2
IS B B T TERCRIRYY, EEPOER TR KIRLEIR AR T op BIREE: TTR RS 15 B e A

Note that this result does not imply that there must be a Planckian cutoff: perhaps a discretization on
a lattice is not an appropriate approximation for trans-Planckian modes, or perhaps it is necessary to allow
fluctuations to be large at trans-Planckian scales (although in this case it would be necessary to go beyond
linear perturbation theory for these modes). In any case, it does not seem possible to directly generalize the

separate universe approach to trans-Planckian modes.

THIER, X800 P ERE DRI R BT AT m] REAS RS AL A Bt A 2 85 B B &
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BUCHINEZRAETE), TCIBUNMA, 058 JT AP AR TR B 285 B s A 5K

On the other hand, although this has not yet been done, it does seem likely that the separate universe
framework could be extended to tensor modes. This could be done by considering a separate universe frame-
work applied to a lattice of Bianchi I spacetimes (for the loop quantization of the Bianchi I spacetime, see
[36]), with the metric g,;, = diag (—1, al(t)z, az(t)z, a3(t)2) in each cell of the lattice. Taking a; = a and set-
tinga; = a(l1+ h)and a, = a(1 — h) with h <« 1, then & captures a gravitational wave in the + polarization
moving in the x5 direction on a flat FLRW background. Using the same steps as for scalar perturbations, it
should be possible to derive the equations of motion for this particular tensor mode perturbation. But this
result can immediately be generalized, since the same equations should hold for both polarizations of the

tensor modes and for all directions.
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In summary, the separate universe approach to cosmological perturbations can be successfully adapted to
LQC, giving a loop quantization of long-wavelength scalar modes. This framework has an important strength,
aswell as a major limitation. Its strength is that this is a loop quantization for these cosmological perturbation
modes, not a Fock quantization as is done in the hybrid and dressed metric approaches. On the other hand, the
limitation is significant, since it can only be applied to long-wavelength (super-Hubble) modes. As a result, it
cannot be used to study inflation, since for inflationary models the observationally relevant modes start with
a wavelength much smaller than the Hubble radius. Nonetheless, as shall be discussed later, this approach
can be used to study some alternatives to inflation like ekpyrosis and the matter bounce.

£R LRI, T AP 72 38 75 IR AT DARRIIERC I 8 T, SRR 2 R &1L,
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Anomaly-Free Effective Dynamics

AR VIS

In the literature, the anomaly-free effective dynamics approach is also referred to as the deformed (or
closed) algebra approach. It is a semi-classical approach, in which both homogeneous and inhomogeneous
parts of the universe are described by an effective metric with the Lorentz signature, very much like what
have been done in classical modern cosmology, with the only exception that quantum corrections from both
gravitational and matter sectors (to their leading order) are taken into account. These corrections are obtained
by adding quantum counterterms into the classical Hamiltonian constraint, so that the deformed constraint
algebra is still closed and anomaly-free. The latter is essential and guarantees that such obtained effective
theory is still generally covariant [190].

SR, TR A RN T IR MRRNIE AR (A &) RBUTIR, B —Meradyiik, Has
B ST IR SR 73 8 o B T 2A T S IR R MR, X5 ST 8 AR50 3K
FEFA, ME—RIXARETA T 51 SR FLSUsRAT & T 1E (RIEKE), XEB R L
SUIR B R AP AN B IR IS 2, M AL G A RAREBURARR A& AR E, F—RE
KEZ, ERIE TS EIRAREIR R S [190],

The anomaly-free effective approach is motivated by results in homogeneous LQC showing that for

sharply peaked states, there exists an effective line element that provides an excellent approximation to the
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full quantum state [33, 97, 189]. Although it is not known if a similar effective description exists for perturba-
tions, general arguments suggest that such a description should be possible for long-wavelength perturbations
(but not perturbations with a wavelength < €p ) [51,177].

TERCE AR ERIEIHLR B 5 & 7l RV REER: N TRIES, FE—MEREITrl Pt
e R T G MR RTIEEL [33, 97, 189], BAAHATFANE EMILE S F RN AR, H—
FEMICIERIA, IR AMPLN 2 AT DUR FIZAMEIE (KN < 0 BITILERSIM51,177],

In this approach no wave functions are involved, and the usual techniques of classical cosmology can be
applied here. In particular, it is possible to work in a general gauge (while the dressed metric and hybrid ap-
proaches pick a classically gauge-invariant variable before quantization, and the separate universe approach
works in the longitudinal gauge). On the other hand, it is not clear to what extent the inclusion of quantum
counterterms in the constraints is unique or not. Finally, although it is in principle possible to include quan-
tum fluctuations in the background spacetime perturbatively [49], in practice quantum fluctuations are often

ignored in this approach.

BITEA R i g, AT DUEAR N BT i AR EOR, BfRREE, &r DHEEEME T LME
(MFREMTTEMRETTERIER T ANER —RLMPEAZR, 2T AT RN
ETRLIR). H—7iH, HuifAERELRFIMARFRIEI T XL R E ERE—/, &
Ja, RUEIFEN_ERT DG A SN SRR iK% [49], ESEPR BIZ07RIEHE 2RISR T HE.

To describe the deformed algebra approach in more detail, consider the classical constraint algebra

N ERIR AR BT TR, A1 B S SRR

{D[M%],D[N%]} = D[Mb3,N® — N®3,M“], (15)
{D[M®],S[N]} = S[MP3,N — N3, M?], (16)
{S[M],S[N]} = D[q*® (M3,N — N3,M)], 17)

where N and M are lapse functions, N and M“ are shift vectors, q,; denotes the spatial three-dimensional
metric, and D and S are the smeared diffeomorphism and Hamiltonian constraints. The constraint algebra is
closed and thereby ensures covariance after the (3+1)-dimensional decomposition [190].

Hrp N M 2RI AL, N R M® ROBRER, qu ARSE=ZEEM, DR S BIRFERMD
Al RLTARANG RIS, AR ABCREA G/, FIHARIET (3+1) 4R S RIHEETE [190].

When quantum gravitational effects are taken into account, it is expected that this constraint algebra may
be modified. Without the full underlying quantum theory, it may be difficult to guess what these modifications
may be [88], but to remain covariant the modified algebra should be free of anomalies (i.e., the constraint
algebra must remain closed) [190].
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With this observation in mind, it was found that for linear perturbations on the flat FLRW background,
the freedom in the choice of possible deformations can considerably restricted. This was first studied for
inverse triad corrections, where under the conditions that (i) the modified effective Hamiltonian constraint
must commute with the unchanged (classical) diffeomorphism constraint; (ii) the quantum-corrected con-
straints must form an anomaly-free Poisson algebra, and (iii) the classical constraints should be recovered in
the classical limit, it was shown that it is possible to find anomaly-free effective constraints for scalar [59, 60]
, vector [57], and tensor perturbations [58] in closed forms, and the effective equations of motion are derived
from these. The observational consequences of these models have been studied, with the result that they can
be made consistent with CMB data by properly choosing the parameters of the models [54-56, 212, 213, 216].

FEFIX—WER, WA, T FEH FLRW 5 BRI, rTREFZSIERRN B B r] DA KR
MR, ZBF R R E RTWARZUE IERTT, TELA R =AM TR:() 1BRE B G B2 A5 A
BABH) (80 T RIRATHN 5 (i) BB IEfS ISR BOE RCF TERARER (i) ZBUARR
RRIDABAZ AR, W5 RAAR] DA EIbRE [59,60] . K& [57] FIsk&MEk (58] M & TC
REARLIR, FHESHER0Esh R, XEERRIRIIRY. Q25201 5E, &REH, HE
EHIARSERIZEL, eATRT DA T I 1 S R — B [54-56, 212, 213, 216],

Holonomy corrections were considered next, for scalar, vector, and tensor modes [57, 58, 80, 82,121,152, 165, 201]
, with the result that the constraint algebra is modified: while the Poisson brackets (15)-(16) are unchanged,

the relation (17) becomes

B RAMAR TERMBEENIIAE. REMKER [57,58,80,82,121,152,165,201], F5HRE
MARARECRAE T IBK ARG S 15)-(16) fRAEFAZE, HXRRR 17) 2N

{S[M],S[N]} = QD [¢q*® (Mo,N — No,M)], (18)

where Q = 1 — 2p/p, (of course, here the smeared Hamiltonian constraint S [N] is the effective version
containing holonomy corrections). The observation that Q < 0 for p./2 < p < p, leads to the suggestion
of a possible change of signature in the deep ultraviolet regime [61-63] and a possible connection to the no-

boundary proposal [52,53], although see also a discussion on the claims of signature change in [206].

H Q = 1-20/p, (HR, HAKFERBEIRLIR S[N] 20 SBIMEERNEGRRAE), T
pel2<p<pe, Q<O0BIWMEERS T —MEE: IREINX A RER R AFF S [61-63], FFHA]
RESJCIA SR proposal fFFERRR [52,53], AHSRIFIE RIS USKHR [206] Hok TAF SR AT I iE,

Once the quantum-corrected effective constraints are known, then the equations of motion are derived
following the same steps as in general relativity. The anomaly-free approach gives a construction for effective
constraints that include three classes of terms: zeroth order, first order, and second order in the perturbations.
The zeroth terms determine the background dynamics with effective Friedman and Raychaudhuri equations,
while the first-order terms define the gauge-invariant variables, and the second-order terms generate the dy-

namics for the perturbations. The equations of motion for the holonomy-corrected scalar perturbations are
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1 Z”
o )+ (9 = Z o () = (19)
For the anomaly-free effective dynamics for tensor modes, see [80], and for the inclusion of both holon-

omy and inverse triad corrections, see [81].

XTIk BENTTRE GRS N2, S [80]; X T RN E RSB IES W =EMRIERER,
Z DS [81].

The main drawback of these equations is that they ignore quantum fluctuations so they cannot be trusted
to evolve trans-Planckian modes (which necessarily have large quantum fluctuations) [162, 206]. (If one
ignores this and imposes initial conditions in the remote contracting phase, for the modes that are trans-
Planckian during the bounce, one will obtain power spectra that are inconsistent with current observations

due to significant amplification of the trans-Planckian modes across the bounce when Q < 0[64,122] .)

IXEETRER BRI R RS TR ks, RITCER A TR RS e R (X R AERIE & T
BKk¥%)[162, 206, (ANFRBAIX— 5, FEREZHIAEIT BREANTAGARAE, Xt T AR iR s B v
RUERIE, % Q <0[64,122] I, PSERERIERNHPOIEHBREBOR, REASERTRG
SEAMMEERA L )

Because (19) changes from an elliptic to a hyperbolic equation at p = p./2, it has been proposed to fix
initial conditions at p = p./2 [166]; this is called the "silent point.” At this point there exists a unique set of
initial conditions that give power spectra for the scalar and tensor perturbations that are consistent with the

current CMB observations [151].

HTX (19) 7 p = p./2 SEMREIR A FEAS WA R, R AR TE p = p./2 WEEHIE S
[166], ZABHFEAN “TIERR, EZAFEAEE——da5E, BRI Sk &=
TSR 2R CMB WMIZE 3R [151],

Finally, note that in the long-wavelength limit, the effective scalar perturbation equation given by (19)
is identical to the result derived using the separate universe approach [202], showing the robustness of this
choice for the potential U in LQC.

RiamEfEt, EREKHERT, 1 19) AHEERIRERETRSFIE 2 EFH A G SRR
SR [202], XK LQC HXtH u HIZIERZIEEN,
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Predictions for the CMB
FHMEH RS

The next step in the program is to use the formalisms described above to make connection with the tem-
perature anisotropies observed in the CMB, as well as to make further predictions testable with current or
future observations. Unfortunately, there is no obvious way in which the bounce of LQC alone can gener-
ate the scale-invariant temperature anisotropies of the CMB. Consequently, the strategy so far has been to
combine LQC with some other mechanism to generate the primordial perturbations, such as inflation or its
alternatives, like ekpyrosis or the matter bounce. In this context, the goal of LQC is not to replace these well-
known mechanisms but rather to complement and extend them to include Planck scale physics. LQC can
possibly add some new features to the primordial perturbations which could be used to test this theoretical

framework. This section summarizes recent results in this direction.

ZWFH N — BRI ESGERRTE AR R, RS T RIS = LR B IR PRV R AR,
FE H AT ATECARR MBI E 2 5. BIRAE, (GEEE T T ERE, TRER™ 4
FH MR RAREANZIRAEIKE, Kt HaTHIWT RS2 8 i 2 5 H A RERS 7 L R 4])
AIHUHIRSE &, FeangiK, s ERR KSRy o, fEAEZE T, RT3
FHEARFHAEBIZ LWL, TR e AT ey e, R e R B A, [ &
T HFAEATREN WA T I AFTRIRFE, AT TARIX NSRS, A S 45177 A R Bl 2
R

Inflationary Models in LQC

el B~ 2 P ) SR AR Y

Among the assumptions on which the inflationary scenario rests, the choice of the initial state for pertur-
bations at the beginning of inflation is particularly important. The inflationary predictions arise by choosing
the so-called Bunch-Davies vacuum at the onset of inflation for the range of wavelengths 1 = 27r/k observed in
the CMB. These wavelengths are much shorter than the (spacetime) curvature radius at the onset of inflation
(r curv ® 1/H) , and the Bunch-Davies vacuum corresponds to Minkowski-like vacuum fluctuation for these
short-wavelength modes, plus sub-leading corrections. Although this premise may sound natural at first, it
assumes that these modes have never been excited in the past, before inflation starts. This is a strong as-
sumption given our ignorance about the way inflation starts and what came before. Perturbations would not
necessarily reach inflation in the Bunch-Davies vacuum if, for instance, the inflationary phase was preceded
by a cosmic bounce: then, observable modes could have exited and re-entered the "horizon”- the curvature
radius, to be more precise-and have been excited during the process. Given a scenario for the pre-inflationary
universe, it would be more satisfactory to start the evolution far in the asymptotic past and compute, rather
than postulate, the state of perturbations at the onset of slow-roll (although this strategy still requires postulat-
ing the initial state for perturbations far in the past). Deviations from Bunch-Davies would carry information
about the pre-inflationary evolution, opening an exciting window to explore such a remote era by looking at
the CMB.
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This strategy was proposed and explored in LQC in [9, 11] and further analyzed from different perspec-
tives [16, 85, 93, 208, 211, 214]. We start by listing the main steps in this program, emphasizing the choices and
ambiguities at each step. These are (1) choice of an inflationary potential V' (¢) ,(2) choice of an initial state
for the background FLRW quantum spacetime W ,,,,, and for the perturbations W ., , and (3) evolution of the
perturbations with one of the formalisms described above and the subsequent computation of observables of

interest. We describe now these steps in some more detail.

TR E A B TR AAESE N H SR [9, 11] 1R, ZJa XNARIFE A M 17— ot
[16, 85, 93, 208, 211, 214], FATTE eI HIZFFRAEZRN F 2B, H R UIE — D HEEF A HE
P, R0 ERERIKE V (¢), (2) BT R FLRW BTN W, FELEN W o FIFIEIRES, (3)
H EREA Tz —Ehsh, Mm-S rT Y &, T A A DN X e 20 BRI T R4

IS8,

1. Choice of the inflationary potential

1. SRR R

At present, there is no compelling candidate for V (¢) within LQC. This is not surprising; one expects
V (¢) to originate in the matter sector, which is introduced by hand in LQC rather than derived-although one
cannot disregard the possibility that the inflaton field and its potential could have a purely gravitational origin
[39,40].

Hifl, E&RFFHE% LQC) FIkLA V (¢) L NEIRIMRIETT %, RXFIHFARIN, —BIAN V($)
IREYIBER 7Y, TTE LQC BT/ ZE AN T IR, HAHESS H—AE AN GEHERR R AT
b R HBA A5 1 IRA AT REME [39,40].

The strategy in LQC so far has been the same as in standard inflation: consider phenomenologically
viable potentials and compare their results with observations. Several different forms of V (¢) have been
analyzed in detail, including the simplest quadratic potential [11, 16] , the Starobinsky potential [66, 67,211],
monodromy potential [186], and « -attractor potentials [183]. Of course, it is important to distinguish genuine
LQC effects from those features arising from a concrete choice of V' (¢) .
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As first discussed in [34,35] and further analyzed in [87,146,163], in the presence of a viable inflationary
potential V (¢) the dynamics of the scalar field across the bounce of LQC can set up the appropriate conditions
for inflation to start, quite generally if the kinetic energy of the scalar field dominates over its potential energy
at the bounce. In this concrete sense, the attractor character of inflation in general relativity persists in LQC,

if one assumes an appropriate potential for ¢ .

IEQISTHR [34,35] B 5E1Hi8. FHEEH STk [87,146,163] #E—H T HUAREE, STFEERIITHIRIKE vV (¢)
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HaRE R SHBRE, WX THIRESOREL, WEREE ¢ FEAIGEWNS, AT SUEXE Rk
(0% 5 | FHRFEAE LQC H R AT,

2. Choice of the initial quantum state

2. PIaGE T ASRERE

To ensure a good semi-classical limit, the quantum background FLRW spacetime ¥ ., (a, ¢) is typically
chosen to be a sharply peaked state, whose main features are captured by the effective equations of LQC. In
this case, the freedom in the choice of solution is quite simple and in fact reduces to a one parameter freedom
that dictates the length of the inflationary phase (as measured in number of e -folds N) . This point will be
important when discussing predictions for the CMB.

NTREIRGFHFEINR, 855 R FLRW N2 W0, (0, ¢) BEHIEN —PMRBUES, HERE
RHIERT B LQC AR IERA, ERXAMENT, MRRNERHBEIERAR, KR ECR—1DES
BEWE, e RIKHBRISRKE (M e K N) FE01), X—/RTENIE CMB fil S N0 #E %,

Computing predictions for the CMB also requires choosing the state of perturbations, ¥, , at some
initial time, which can then be evolved across the pre-inflationary and inflationary phases. The predictions
for the primordial power spectrum crucially depend on this choice. In the absence of a compelling way to
specify the initial state, the theory would lack predictive power. The vacuum state is a natural choice, but, as
is well known from quantum field theory in time-dependent spacetimes, the notion of vacuum is ambiguous
except in very special circumstances. The strategy in LQC has been to add physical arguments to single out
a choice and then compare the resulting predictions with observations; this may provide some confidence
with the choice made or could rule it out. Thus, observations test not only the theory of LQC but also the

arguments on how to fix the initial sate of perturbations.
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Multiple strategies have been proposed and explored in this regard. Perhaps the most conservative strat-
egy is to fix the initial state of perturbations in the far past before the bounce. In addition of being a natural
strategy in a bouncing universe, it has the advantage that far in the past and under mild assumptions, per-
turbations are far inside the curvature radius, and therefore all different notions of natural adiabatic vacua
converge (for the same reason that everyone agrees on the vacuum state in labs on Earth, even though the
universe is expanding) [12, 14, 16, 19, 20, 64, 65, 143, 168, 179, 211]. Notice that the same strategy is also used
in alternatives to inflation, such as ekpyrosis and the matter bounce discussed in the subsections "Ekpyro-
sis in LQC” and "LQC Matter Bounce”, since in these scenarios the primordial power spectrum is generated

before the bounce and therefore one must specify the initial state far in the contracting branch.
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Another possibility is to use the bounce as a preferred time to specify the initial conditions [9, 10, 16, 85, 161, 211]
. In this strategy, there is some ambiguity on the choice of initial state for a range of the smallest wavenum-
bers (longest wavelengths) we can observe in the CMB, since in scenarios of phenomenological interest these
wavelengths are greater than the curvature radius at the bounce. Different proposals for a preferred vacuum
state at (or near) the bounce have been considered so far using two arguments, namely, the extrapolation of
the adiabatic series [9,11,16] and minimization conditions for the expectation value of the energy-momentum
tensor [17, 161]. Interestingly, although prescriptions using either of these two strategies differ significantly
in their details, they all produce very similar observational predictions [16, 161], which are also quite similar

to the results obtained when specifying adiabatic initial conditions far in the past of the bounce.

S —FATRESE AR I ZIVE ML SE N ZISR S E W46 25 1F [9, 10, 16, 85,161,211] » FEIZREE R, X T
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A third strategy that has been proposed to fix the state of perturbations is to impose conditions on ¥ ¢,
at more than one instant, so these conditions are nonlocal in time-e.g., conditions the state must satisfy both
at the bounce and the end of inflation [28, 29, 100] or during an interval of the pre-inflationary evolution [93,
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160]. The two existing proposals based on this third strategy do predict a primordial power spectra substan-
tially different from the ones obtained with either of the other two strategies summarized above; we discuss
this further at the end of the subsection ”Inflation in the Dressed Metric and Hybrid Approaches”.

=M EHIR R WS HRES R EZ DN W o HEANASAE, RIHOX SR AR R AR IR
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3. Computation of predictions in the different frameworks

3. AFHERR PP E 3

In the remainder of this section, we provide a summary of the results obtained using the different frame-
works described in the section "Cosmological Perturbations in LQC”, describing the predictions for observ-
ables of interest in primordial cosmology, including the amplitude of scalar and tensor primordial perturba-
tions and their spectral indices and runnings. Non-Gaussianity and primordial anisotropies are discussed in
the section "Extensions”. Particular attention has also been paid to the so-called large-scale anomalies in the
CMB [23].

EARTRIRE 7, BAEEEER “BREFFHAPNFHERY — TN AR EEZRS 25
R, ERFEG T RSB AR TS, GEEbRE. SKERAIRIE, AR e
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(CMB) HFTIBIIAR R E 75 (23],

Inflation in the Dressed Metric and Hybrid Approaches

AL R SR G TR PRIk

Since the dressed metric and hybrid quantization approaches give very similar predictions for the pri-
mordial scalar and tensor power spectra in inflation, we discuss them together here; see [145] for a detailed

comparison between the two approaches.

HTEIEERIRITR & & 775 0 AR iR RO bR B 5K B ISR IE AT IE F AR, FAERE ]
JBAE I, PR IR TR EES ISR [145],

Before describing the results for the power spectrum, it is informative to acquire first an intuitive under-
standing of the type of modifications LQC can cause, relative to standard inflation, and their physical origin.

FERIR IR IEHIGE R 2 AT, BATEICHRE 7 iRER 7555 (LQC) M LR ZR Ik = R MAMEL
XEBLHY BN, XN ESTIE TR,

The argument is simplest for tensor modes y; (with y the analog for tensor perturbations of the Mukhanov-

Sasaki variable v ) since U onsor = 0 ; the equation of motion is slightly more complicated for scalar perturba-
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tions, but the general argument remains the same. Since U s, = 0, and recalling that the Ricci curvature

of the dressed metric is R = 6a’’ /@ , the equation of motion for tensor modes is

MNFRERK y , HESERENFEE H y BIREISIN N TRIGTER-FEEARZEE v KK,
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2
Xk () + @ (% - %R) Xk () = 0. (20)

This equation shows that the evolution of yy is dictated by a competition between the physical wavenum-
ber squared of the Fourier mode k and the Ricci scalar curvature. If (k/ d)2 > R, R can be neglected and then
xr () + k2 x () = 0, which is the equation we would have found in Minkowski spacetime and whose solu-
tions are linear combinations of positive and negative frequency modes e**" . It is known from quantum field
theory in Minkowski spacetime that this simple evolution does not create particles or excite the vacuum state.
Restated in terms of wavelengths, the Fourier modes whose wavelength are much smaller than the “radius of

curvature” r .,y = V 6/R , behave as in flat spacetime, and vacuum fluctuations remain unexcited.
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On the contrary, when the physical wavenumber squared becomes comparable to the curvature (k/ d)2 ~
R, the effective frequency of oscillation of y; becomes time-dependent and complex exponential e*¥” are
no longer solutions; this is the regime where perturbations are affected by the curvature of the background

spacetime.
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To get an idea of when primordial perturbations may become excited, it is sufficient to compare the
evolution of their physical wavelength A (¢) with the curvature radius r ., (¢) . An example of this is shown
in Fig. 1, for the case of a quadratic potential V (¢) = %ngbz and a choice of initial conditions that produces
a total of 68e -folds of inflation. The red line shows the radius of curvature from some time before the bounce
until the end of inflation, while the gray shadowed band indicates the range of wavelengths observed in the
CMB. For this concrete evolution, the longest wavelengths observed today in the CMB become larger than the
curvature radius near the time of the bounce-during this interval, perturbations with these wavelengths are
affected by the background spacetime curvature, and as a result, when inflation starts after the bounce, these
wavelengths are already in an excited state compared to the Bunch-Davies vacuum. On the other hand, the
shortest wavelengths observed in the CMB today remain much smaller than r ., during the entire Planck
era and only become comparable tor ., at much later times during inflation, so these wavelengths will reach

the onset of inflation in the vacuum state.

31



R T RFO P TIN 2R, RFRHYEE R 1) SRR r o ) TR, B1%4
HT—=PZREBV($) = imquz BIBF, HAGAFMEEIEET 68e I e TR, LLLZUBRT MR
AT — BN A2 B ARG AR AR, RO X R T H MBS = (CMB) H LI R K TEE,
MNFRXADBABEAERE, 045 CMB FRILINEI R KR AE RN ZIH I B R T iR —
FEIX BRI A B, XL AP = 2 2 RN 22 feR A2, R o e BT UAR, 53-8
HHTHZME, XRERRKEZLATEAS. 5H—7im, W14 CMB FEI &R R KRR S
PN RET T 7 oy, BEIRIKEAAZRS r o HH, HIOXERKAERIKTAN 0T HE
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Fig. 1 This plot shows the LQC bounce followed by a phase of inflation. The “curvature scale” r ., (¢)
is shown as a red line, while the gray region corresponds to the range of wavelengths observed in the CMB
today. (Note that r ., (t) diverges when the Ricci scalar changes sign; this happens just before and after the
bounce, as well as before and after inflation.) In this scenario, the longest-wavelength modes observed in
the CMB today were comparable to or larger than the curvature scale near the bounce. Consequently, these

modes were excited at that time and can provide an observational window to the Planck era

B 1 IZE R T R 71877 (LQC) RIS # KM B A R, “HIRRE” 1 oy () UL,
TR XSSO AN 8 IR 5 (CMB) LI KTE R, (7 S BB ST S r oy ()
KE IR RAERRGE, DRBIKAE, ) fEIZERF, 0145 CMB WU H SRR KRR,
TE SRR 5 AR R B R, RIS AE S IR, w] D B s i AR UL &

The division between wavelengths that ”feel” the geometry during the bounce, and those that do not,

is determined by the value of the curvature radius at the bounce r ., (¢g) : this is the physical scale that
LQC introduces in the physics of primordial perturbations. Wavelengths satisfying 1 (tg) 2 r .y (tg) Will
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carry some information about LQC. In terms of comoving wavenumbers, the modes with k < kLQC , Where

kiqoc = 1/r oy (£g) , are the "messengers” from the Planck era.

[ AR “RERRD” LRI S TEIRE B < TR 70 57 S AL B AEAR 7 oy () R
JE: XE LQC FINFEHHESIPERRRIRHER . T2 A(t5) 2 7wy (tp) AR S X T LQC HY
SR, NEIEET S, WE k S kuge EH kige = 1/r qy (t5) ) IR SR B BA 52 N ARHY
“{%4@”

As mentioned above, this discussion can be extended to scalar modes with essentially the same result, as

the potential U does not substantially change the argument.
BRI, e RT DU EbR R, SREATE, FNE U REMRAE LRI —GIE

Leaving aside qualitative arguments, it is possible to solve the dynamics explicitly numerically (for an-
alytic results, see [151, 208, 211-213, 216]) and calculate the observables of interest, for example, the power
spectra at the end of inflation.

WOFEPEIRUEARTE, BATTRT PUR S EAE SR sl 15 (T2 SR OLSCHR [151, 208, 211-213, 216]), Fit
FURLRBANLIE,  Flan RMCR IR TR

As an example, Fig. 2 shows the scalar power spectrum calculated for a particular scenario and choice of
initial conditions. Specifically, the inflationary potential chosen here is V (¢) = §m2¢2 with m = 1.3 x 107°
being used in this plot (note that the qualitative result for LQC effects on the power spectrum is very similar
for other inflationary potentials) and initial conditions for the background such that there are about 4 e -
folds from the bounce to the onset of inflation, and approximately 64e -folds of inflation, while the initial
conditions for the perturbations are obtained using the so-called preferred instantaneous vacuum [17] defined
att; = —50,000¢p before the bounce (this is a vacuum state of fourth adiabatic order and the choice of ¢;
does not affect the results so long as it is far before the bounce). This plot shows that, as expected, LQC
effects appear on infrared scales k < k¢ , while predictions for the modes k > k¢ are unchanged from
the standard inflationary scenario. In this scenario, modes modified by LQC can be observed in the CMB,
although only in the most infrared sector. Concretely, LQC modifications appear for ¢ < 30 in the angular
power spectrum C,, for this choice of parameters. Results for tensor modes are similar, although with a smaller
amplitude [17].

Blan, B2 R T REE R R S A A PR EA RN E DRI, BT S, A2
fKFERNV(p) = imchz , RERHAT m=13x10"° (EER, HFHMBKY, BRFFHEY
WA ARG A MEESRAR AL, T ROIARAIFETS A bounce ZIBIKITIELIH 4 1 e BIKMEEL,
SR REEELTN 64, TPLENHIRIGG S5 1FNIEIL E SLAE bounce HT t; = —50, 000ty AHIFTIRLILH#
INEZ5E] [17], X2 4aAE=S, N2 1, I7E bounce Z i, HIEBGITXFEMER, %
KR, THATR, LQC RUSHHMTELLAMRIE k < kyge , MBI k > kyoc BITRINS PRt KIS 5t
—H, FEIXERT, BAIUFETREINXIR, LQC B IEAYREE A AT PAE T B SR 15 st Fh il
2, BfARE, MNTZSEERE, LQCBIEHBIEMAYIRIE C, 1 ¢ < 30 4, KEMKIZ RS
KL, HEIREEN [17],

In summary, LQC introduces a new physical scale k¢ in the physics of primordial perturbations. The

scale invariance of the power spectrum generated by inflation is modified for modes k < kyqc : the spectral
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indices of both scalar and tensor perturbations become more negative, or, equivalently, the running of the
two spectral indices increases. Note that the modifications that LQC introduces for scalar and tensor modes
are very similar, so the tensor-to-scalar ratio r remains the same as in standard inflation. This implies that
the consistency relation r = —8n, , where n; is the tensor spectral index, valid in standard inflation, is not
satisfied in LQC for modes k < ky ¢ for which r < —8n; instead [11,16] .

g LA, R T T HY (LQC) TR S N T — DRIV EEARE kpge o X T k < kigc
, BRI R AR AT R A T AR AR SRSk ISR S S S B, #uh)
TEU, D IEREEAIRIEIE R, ERTEERNE, LQC MR K EBAMEIEAREAELL, K KR
ber (I SRERIKHPIE R — XEWE, WERKTBGIH, Hb n, kSRR — 80t
KA r=-8n,, TE£LQC HXHi#/E r < —8n, MidE [11,16] IR k < kyoc FFARAL,
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Fig. 2 Scalar power spectrum in LQC versus wavenumber k/k, , where k., is a reference comoving scale
corresponding to 0.00ZMpC_l today. The LQC characteristic scale ko is denoted by a vertical line, and the
gray dots show the scalar power spectrum, computed for a discrete set of wavenumbers. The power spectrum
oscillates rapidly and its average is shown in black. It is almost scale-invariant and in agreement with the
predictions of standard inflationary with Bunch-Davies initial conditions for k > k;oc . On the contrary, for
k < kiqc the near scale invariance is broken due to LQC effects that excited these modes during the Planck
era. The plot also shows, for a certain choice of parameters, the region of Fourier modes that are observable
in the CMB as well as k; , the most infrared mode that exits the horizon during the inflationary phase of the

universe [16]
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€] 2 LQC HbRE IS REIEL k/k, HZE(L, EH k, 2R R AN4 0.002Mpe ™ IIEEIZEFRE, LQC
RHEARE kyoc HISBERARIE, KRR TN —HE BRI RS SRR &I h&Rilk, TRIGF1E PR
iz, HAPIEDBREIRE . M T k> kige , TERIETLFlRRE LM, 5 Bunch-Davies HJ4A5%
T RAER KA —8, MR, NT k < kpge, HIT LQC RANAE BAvE N HIEUR TiX M, i
PREAREERBOIR, EPERR TR —S808F T, CMB Al WLNAE HHREXIR, DA ki —
RIFE = H FRAKRT B AL SRR BRZLA M [16],

Similar results have been obtained using other choices for the quantum state of perturbations, specified
at or before the bounce [16], although some quantities like the slope of the power spectrum in the interme-
diate region change slightly [149]. In addition, choices motivated by arguments that are non-local in time
[28,93,100,160] produce LQC corrections that reduce the primordial power spectrum, rather than enhance
it. The sign of the spectral indices and runnings is, therefore, reversed if one used one of these states based
on the non-local conditions, and the consistency relation is modified in the inverse manner to r > —8n;, for

infrared wavenumbers [28, 93, 160] .

BISE RS B 5N 2 B 2 mifFE 2 I LA 2h & 778, thRB1S 2SR CIHYEE 3R [16], 1 H (RIS T 22 1%
RIRXKE D B L EINE [149], 1EAN, BB RIEAEREGEIES 20 & 7 A1%ES [28,93,100,160]
274 LQC BIE, XEBESKRMMmIAESEMIIZRE, Fit, EHRARXLETIEREBEAN
BT, IBEBRMEINTSE S REE, —SMERARRNBIETT 520 MEE [28, 93, 160] X RZHY
r > —8n, M,

Large-scale Anomalies in the CMB

FHEA PR RESH

Since LQC modifies the primordial power spectrum at infrared scales, this raises the question of whether
LQC can provide a natural mechanism to account for the anomalous features observed in the correlation
of temperature anisotropies at large angular separations; these are called large-scale anomalies in the CMB
(see, e.g., [182] for a summary). These anomalies include (i) the absence of two-point correlations at large
scales, also known as power suppression; (ii) a hemispherical or dipolar asymmetry; (iii) a bias for odd-parity
correlations; and (iv) a preference of data for a value of the lensing amplitude A; larger than one [6]. Most of
these signals have been detected in data from the satellites WMAP and Planck, and some have been noticed
even in data from COBE; this rules out an origin from instrumental noise or residual systematics. There is
an agreement that these signals are real features in the CMB. The discussion is instead whether the observed
signals require new physics. The significance of these features has been quantified by using the p -value [1]
that measures the probability of observing each of these features in a standard ACDM universe. The three
anomalies separately have similar p -values, of the order of a fraction of percent [2,23] . These p -values
are small, but not sufficiently small to close the discussion about the need of new physics. It is important to
notice though that these are the p -values of each of the anomalies separately. Their collective p -value must
be smaller, so their collective significance is higher.
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F P8 & 7T (LQC) B T LN E _ERYIRAIZhARIE, XS] H— D RELQC REA TR —H
B RN, AR A RO TR FEE 25 1) S PR SRIBR FR L I 9 S RFAE s IR RHE AR 0 57 o Sl 1 3
(CMB) IR RERH SRk Al 2 ISR [182]), IX 458 (L45:() RIRE_ LN FAEMRCHK, HITiR
A (i) BRI FREEMAXSFR; (i) A FARRBARLT 5 (iv) VIR T ETIRE A, KT
1[6], RZEESEE WMAP FI% I v L2 EHRH Az, #0552/ COBE RIEE
SLEBEI; IXHERR 7IXEE S B A A SRR R RIRZER AT RE, AR —BOANXEFSZ
CMB HHELFERRHE, FURE TN LEESZ2ERENYERMR, 2HREL/H p
EHEA TIXERMER EE Y, ZMEM R T EME ACDM F 8 P EI S MFEAR, =175
BMAERN BAMER p EH, ANT o) LBHTZIL[2,23] XL p EIR/D, HIEEA/NEIRT LA
s=MEEIR, BHMICIEHERA B TR, HREER, XRENRSNRE BIMEAENT p HE,
EANRTEER p R/, FIEAREEE R,

Within LQC, there have been two different proposals to account for these anomalies, which we summa-

rize in the following.
£ LQC HEZEM, HRTFEMMERX SR HIIARTTH, BANMERMESS,

The first proposal points out that the non-Gaussianity generated by the LQC bounce can make the ob-
served features much more likely than in standard A CDM [7, 14]. The underlying idea is based on the
“non-Gaussian modulation” mechanism [5, 7, 89, 131, 180, 181] where correlations between CMB modes and
super-horizon modes can bias the observed power spectrum, making certain features to be more likely. An
important challenge for non-Gaussian modulation is to generate an appropriate form of non-Gaussianity that
is small when the three wavenumbers lie within the observable window, in order to respect observational
constraints, but that grows significantly when one of the modes is super-horizon. It is interesting that these
are precisely the properties of the non-Gaussianity generated by the LQC bounce [12] (for details, see the
subsection "Non-Gaussianity”), in such a way that the resulting non-Gaussian modulation due to LQC can
alleviate the four large-scale anomalies mentioned above [13-15]. The way this alleviation happens is statisti-
cal: LQC does not predict that such anomalies must be necessarily present in our universe, but rather makes
their p -values significantly larger than in ACDM , so the reason why these features were called anomalies
in the first place disappears. (The analysis also makes predictions for tensor modes which can be contrasted

with observations if these modes are eventually measured.)

BRI RIEH, LQC AR AE =TI AT DAL 03X SERHAIE LLAR I A ACDM HEBI A EE A
ATREFRAE [7, 14], HBoOEAEET “JEmSyEH” HLH [5,7,89,131,180,181], Rl CMB &5
MFAR A SR R] DUm ZE WD 21 ) TR ERHE E A nRE B, JE S ria I m i — D E kK
B, WA EGIEN ARSI 2 =N EER S T RTINS AR S TR /D, AR A
LI YHP—MERS B AN ERTE R E K, BBNE, LQC KM= NAERITEALF
HAFIZELVERT [12](FFIE 2 W “ARmirtt” /), Kk LQC R AR & Hiria il oy DAZE g bRy Sk
KRERE [13-15], XFEFZEITEMLQC H AT S BN FHLARFEXLAE, meilk
EANI p fALL ACDM IR AIFE, RIXSERHER AR i R RS A S FE T (%
SINTIERT SR B TS, ANSRIX e sk B AR, AT DARILZE SR LEXT, )

The main strength of this idea is that it can account for several anomalies, of very different nature, like

the power suppression and the dipolar asymmetry, while the main limitation is its inability to incorporate the

rapid oscillations of the LQC bispectrum. Since these oscillations may reduce the effects of non-Gaussianity
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in the observed CMB, the results of [14] must be understood as an upper bound for the significance of the
anomalies within LQC, rather than a sharp prediction. We comment on other possible observational signa-
tures of this scenario for non-Gaussianities in the subsection "Non-Gaussianity”.

T REEELSE R E A DR A e 2 RIS, ERUnDR MR ER AR, EERR
NWRETIEMAN LQC B HIPOER . BT IR IR AT RERHISS AR R H EENLIN CMB H IR,
PRIHE SRR [14] ROSE SR S #EEN LQC HEZR R BB MERY IR, TARREIIS . JITXE “IF
TR NS ARSI R T HARRTRERIE S

The other avenue explored within LQC to account for some of the anomalies is based on ”initial” con-
ditions for the perturbations that are non-local in time. Specifically, for the quantum state singled out by
demanding that the power spectrum at the end of inflation does not oscillate in k , the scalar power spectrum
is suppressed in the infrared part of the visible window [93]. A similar result was obtained by using a quantum
state for scalar perturbations obtained by combining a quantum generalization of Penrose’s null Weyl curva-
ture hypothesis with the demand that the state has minimum uncertainty in the curvature perturbations (and
therefore maximum uncertainty in the canonically conjugated momentum) at the end of inflation [28,29].
Further, the authors of [30,31] noticed that this suppression can also alleviate the observed anomaly in the
lensing parameter A;, , by making the observed value compatible with 1 within 1o ; this analysis comes with

new predictions of a larger optical depth and power suppression for the B -mode polarization.

LQC HONMERERR 7 S W IRTLR 7 — @A, BT XM S N ARSI Th04a) &0F. BAmE,
X T ERZIRRIATIRIEANTE k PR MG & 74, v W HRIZLIMR T BIbR R IR 1 24
JEAK [93], S5EZPHMBIMRIMBEBRNVE I, UNRERIZE T HERIORIMRILS) i 2
BNAHE R (B ENIHE) 8l RN EE), SRIRRENsIR - Shad 7GR
[28,29], ItAh, CHK [30,31] FITEE AZH, RXME(RIERERWEMNEIHEHS I AL FH, FEEIN
{BE1E 10 JEEINS 1A, Z0 IS H TFm S ERRDER AN B B mIRATIHR ER,

A First Look at Quantum Ambiguities: Inflation in Modified LQC

A VERIAR: 1B IE R R A I 2K

An outstanding issue in LQC is the connection between it and the full theory of LQG. The starting point
for LQC is to reduce the classical Hamiltonian from infinitely many to a few gravitational degrees of free-
dom by imposing homogeneity (isotropy further reduces the system to a single degree of freedom), and the
reduced system is quantized using the techniques of LQG. However, the processes of symmetry reduction
and quantization do not commute in general, and it is important to understand how well the physics of the
cosmological sector of full LQG is captured by LQC. In the past decade or so, this important issue has been
extensively studied by both bottom-up and top-down approaches; from these studies, an important conclu-
sion is emerging: LQC and its major predictions are robust. In particular, the big bang singularity is resolved
in all the models studied so far, and predictions for cosmological perturbations are consistent with current

cosmological observations for a wide variety of initial conditions.
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We will review results from the top-down approach in the section "Beyond LQC”, while we focus here
on the bottom-up approach. In this setting, symmetries are still imposed before quantization, but with the
observation that the Hamiltonian constraint can be written in different equivalent forms at the classical level.
In one commonly used form, the constraint contains two terms often called "Euclidean” and “Lorentzian,”
respectively (since only the first term appears in the Hamiltonian constraint for Euclidean gravity). For the
spatially flat FLRW universe, these two parts are proportional in the classical theory, and this simplifica-
tion is typically used in LQC to reduce the total Hamiltonian constraint to a single Euclidean term (although
with a different factor of proportionality). Since the Euclidean and Lorentzian terms are usually regularized
differently in LQG, this motivates treating the Lorentzian term independently by applying Thiemann’s reg-
ularization [192] of the full theory of LQG to LQC [209], with the result that the wave function is described
by a fourth-order difference equation [91, 209], rather than the second-order difference equation appearing
in standard LQC. For sharply peaked states, the resulting quantum dynamics are well described by effective

Friedman-Raychaudhuri equations [146-148].

BATSTE “LQC AN — I E L F/ERNESR, ASOXHEREE T L7k, EIZAERS,
KRR FCHENNNFRIE B &b, ERMTERRIGE L RAELMZ M ] DAS R MENTE, f£—
FhEs A, QREEWAT, EES N “BULESI M “IS02Em7 (F LRSS
IS BARA RPN S5 — ), X T2 RFEEA FLRW 28, IXFER 0 EL SIS R AUE b
[, LQC 18 Al X —Fi L SEE B 2 sR 20y 5 LERAS I (R LB R ECRF]), B TERJL
BASTRISCZZIE LQG Hud & I ENI 77 AR, XN TR E RIS 2E T b5, 4152
#£ 1L.QG 1Y Thiemann 1ENI{L [192] M E] LQC[209] H, FEAFEI: pRAELH VYR 2453 7 FEH#IA [91,
209], MAERRHE LQC FHI i ZED 71, N TRIERS, FMSE ¥ UAAREEES-FH
- H A AR AT Hu AR [146-148],

This version of LQC is often called mLQC-I, with "m” for modified [147]. Note that another modified
version of LQC, called mLQC-II, is obtained by imposing that the spin-connection vanishes before quantizing
the Euclidean and Lorentzian terms separately [209]. It has since been shown that the physics of mLQC-II is
very similar to standard LQC [143, 146-150], and therefore we will focus on mLQC-I here.

XA LQC @ H N mLQC-I, HH “m” RFERIEIE [147], FERLIFELE S —MEIE LQC kR
A, RN mLQC-II, B &l 7573 7l & F LI LR AS WA A0 24 0 < RN B HERkes A Z 515
Ff [209], EAHFRERH, mLQC-II HIYHEMEFT 5 Fri#E LQC AEHAHIL 143, 146-150], FHLFRATIX
HERE mLQC-I,

Comparing mLQC-I with LQC, one finds that the big bang singularity is still replaced by a quantum
bounce, but the critical energy density the bounce occurs at in mLQC-I is smaller by a factor of 4 (1 + y?)
. More significant differences arise comparing the pre-bounce eras: in standard LQC the classical Einstein
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dynamics are recovered far from the bounce, both to the past and future, while in mLQC-I this is only true
for one side of the bounce. If we assume the post-bounce era to have a good classical limit to match our
expanding universe, then in mLQC-I the pre-bounce universe rapidly approaches a de Sitter phase, with a
Planckian effective cosmological constant. Despite the pre-bounce differences, the post-bounce dynamics of
standard LQC and mLQC-I are essentially identical [146-148].

X EE mLQC-1 5 LQC RIPARER, KEBESEA RURASHER T REEN, (2 mLQC-T H R G A AR
I 57 RE &% B ELARIEE LQC /)N 4 (1 + 2) £5. ROMATINACRY2E 57 58 B3 7EbnifE LQC H, it I8
AR, TR R HALERRERI B B RIHTHE) /1%, MAE mLQC-1 H A R — i B iX— . a0
REAMRIE T IR TE BRIP4 B FR R ICECF AT I Ak = 5, R4 mLQC-T H R Fif A = ¢
ST ETE R, AMFEHEFEHEEOE A ER. RERMAFEEZESR, FaiELQC 5 mLQC-I
RGN AR —E [146-148],

In mLQC-I, an inflationary phase generally occurs, assuming an inflaton with a suitable potential [148].
If the inflaton is kinetic-dominated at the bounce, ¢%/2 > V (¢3) , then inflation always happens at t; =~
10* —10%¢p, . On the other hand, if the scalar field is initially dominated by its potential energy at the bounce,
inflation does not always happen; this is true not only in mLQC-I [146-148] but also in standard LQC [66,
67]. Note that kinetic-dominated initial states can be expected to arise quite generally, given the Hubble anti-

friction term in the Klein-Gordon equation for a contracting universe which will significantly increase ¢ .

£ mLQC-1 1, HRERIKFEAEIENS, BEMSA R [148], WIR PN 20K 1 A3 RE
NE, $3/2> V(pp), FRARETEt; ~ 10° — 10% AR, K2, WHRKSHRFREZHIE A
BEEN T, MA—ESKERK, X580 mLQC-T A7 [146-148], XFrifE LQC [RIFERKAL
(66, 67), 1EEZ, ZhREI FIIFIASESIRT DR B IR 4 s 587 1 3K R - S8 T AR FR R E A 2
R, RIS REWK 6o

The evolution of the homogeneous universe is simple and universal for initial states dominated by kinetic
energy at the LQC bounce. In terms of the effective equation of state of the inflaton, w (¢) = [¢? — 2V (¢)]/ [$* + 2V (¢)]
, it has the value w(¢) ~ 1 during a long kinetic-dominated era (of At ~ 10°tp ), and the potential energy
remains nearly constant. When ¢ —t5 =~ 10°tp, , the kinetic energy suddenly drops and w (¢) — —1, signaling
the start of inflation when the potential energy takes over. Therefore, there are three phases before reheat-
ing: the bounce, the kinetic transition, and then inflation [146-148]. Note that similar behavior has been also
found in standard LQC for kinetic-dominated initial conditions for the inflaton at the bounce [211, 214] and

is true for a wide range of inflationary potentials [44, 183- 187].

£ LQC 34k, X TSR, HYFHNELME R ESIE, KRR FIERWETE
w(g) = [¢2 -2V (P)]/[¢ +2V (p)]| Tis, HIE FLL At = 10°ty BHEH) KIS EIZHRE 3= S HIBUE
Hw(p) ~1, BREJLPRIFAE, Yt —t5 ~ 107ty B, FEEBIEH w(p) - —1, bREEHRE
EESFERKITE, Fik, FEMRAGTHEE =DM k3%, shREEZE, BEEE#K [146-148], 1E1E
B, tfELQC H, [REMANRIK T ESNREE SRR, WAL T ROUTH [211, 214], Hiz45e
XK TO Y R AK AR AT [44, 183- 187,

For a systematic study of mLQC-I, see [37, 38]. In addition, also within the minisuperspace approach of

LQC, a reduced phase space quantization with an inflaton field and several different reference fields recovers
many results of LQC, including showing that the resolution of the big bang singularity is robust [117].
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H5EFTARAZEZEGNAMHESHE A AR TIFZS LQC —BMER, IR 7 KEERT AH
resolving 2 BEHILE I [117],

Cosmological perturbations have been studied in mLQC-I [8, 110, 118, 143, 149, 150], with the equations
for the scalar and tensor perturbations the same as for standard LQC, with the only difference that in mLQC-I
the effective background geometry (particularly the pre-bounce era) is different [146-148]. For the contracting
phase, the background is well approximated by de Sitter contraction with |aH| = —~!, and the equations of
the scalar and tensor perturbations reduce to those given in general relativity. Using the same arguments as
in semi-classical cosmology, a natural choice for the initial state of perturbations in the contracting de Sitter

space is the Bunch-Davies vacuum [72]

MITELTE mLQC-1 HHFF T 2A ) [8, 110, 118, 143, 149, 150], HAWREIA) S k&SN TT
FEFIFRIE LQC — 3, ME—XAILE T mLQC-1 HHVERNTE 5 LA OUHZ AT ) N F [146-148],
NFURGERT B, B 5ta] DMRGFHUA |aH| = —y~ ! XN AEFERFRAEIE L, tr S kBN e 4
T SRS LE B R, TR EL T 2R RIeUE, UGB EPE R =S AR sh P B ARIE R
e AT- AT A S [72]

initial 1 i
v ta)=\/§e lkn<1_k_77)' (21)

In classical slow-roll inflation, the background is also almost de Sitter, and at sufficient early times a () ~
1/ (—Hn) < 150 |nk| ~ |Hn| > 1 and therefore the term i/kn in (21) is negligible; as a result the modes (21)
become indistinguishable from those defining the Minkowski vacuum vE{Mink' ) = ¢~k /7[2k . In contrast, for
mLQC-I, far in the past contracting phase, the modes of interest lie outside the Hubble radius, so the term
i/kn in (21) cannot be neglected; for more details, see [150].

EL IR FEKT, TREMAEPOVERR =R, EREWRINE a(n) ~ 1/(-Hp) < 1, Kt
k| ~ |Hy| > 1, # (21) A i/ky AT 20 4558 (21) RIOBR 58 R KREZS oM™ =
e ikn )\[2k IR RATX 4y, 52 AR, ST mLQC-I, 1EEIBITMIRLEN B, TR0 IR AL
TR R ZAN, R REZRE (21) HEY i/kn TiT; BEZ4752 UL [150],

The ambiguity in the form of the effective potential U appearing in the equation of motion of scalar
perturbations (see the discussion below Eq. (12) on the origin of this ambiguity) remains in mLQC-I1. However,
contrary to standard LQC where different choices produce quite similar results for the power spectrum [11,
16], this is not the case for mLQC-I [143, 149]; in fact some choices have been already ruled out by current
observations [149].

trREMEIEE R B E A u A E S G T IZAFEERRIES I (12) FAH
L) £ mLQC-T HRIRTETE, (HAREE LQC HANENERHS B D 2% 45 5+ AH1EL [11, 16], mLQC-I
FEAEAN I [143, 149]; SEFR_EEMIE R C L8 WLHERR [149].

Imposing Bunch-Davies initial conditions in the remote contracting phase and using the dressed met-
ric approach, it was found that (similarly to standard LQC) the power spectra of the cosmological scalar and
tensor perturbations can be divided into three regimes, ultraviolet, oscillatory, and infrared, respectively, cor-
responding to wavenumbers k > kyqc, k; < k < ki oc , and k < k; (see Fig. 2 for the definition of ky oc and k;
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) [8,110,149] . The major difference between the power spectra obtained in mLQC-I and standard LQC lies
in the oscillatory and infrared regimes. First, in the oscillatory regime, the power spectrum of the scalar and
tensor perturbations is proportional to k=2 in mLQC-1, as compared to k~! in LQC [8]; however, this property
does depend on the initial conditions of the scalar field and the choice of the potential [149]. Second, the
scalar power spectrum was also studied in the hybrid approach [110, 118, 143], and, although the three dif-
ferent regimes mentioned above are also present in this case, some differences were found in the infrared and
oscillatory regimes of mLQC-I, where a suppressed power spectrum was found for these infrared modes [143].
This is in striking contrast with the results of the dressed metric approach where the power spectrum is ampli-
fied for precisely these modes. Nevertheless, these differences arise only for the modes in the oscillatory and
infrared regimes, while for the modes in the observable window (i.e., the ultraviolet regime), the differences
are less than 1% [150]. Since the modes observed in the CMB today belong mainly to the ultraviolet regime,
it may be difficult to distinguish LQC from mLQC-I observationally, as well as the dressed metric and hybrid
quantization approaches that differ in mLQC-I. It is possible that other observables like non-Gaussianities

may be able to distinguish these scenarios; this is a topic of current research.

TEI WA AR IR B - B T AR SR AR R IB IEN R TT1R, WIREIR (SAniERE & 1T i 2K
FH IR EMK BRG] 3 =D EIMX, IRH XHLLIMNX, 35 R E k>
kiqe, ki < k < kpge Mk < ky Ckpoe 5 ky BUE KA 2) [8,110,149] , B 1ERE & 58 %% I(mLQC-I)
SR & F i 2SI REN EEEZRFETIRGXSLOINX, 5%, ERSXN, mLQC-I
iR S K EMAIRIRIEIELLT k=3, MERFFHEZHELRT k1 [8]; EZMik T g
AIRIERSR AR SA A ER [149], HIR, CHEMAIERETTEER PUIREDIRIERIT 2T (110, 118,
143], RE LR=DARRKBIEZIEE MRIRFLE, (B1E mLQC-T ALLAMNX MRS X A T —L%
S ELAMERY IR SZ FINH] [143], X 5B ERETTTERSE RIPREEN tb— 5 & 1R i X 2
AITHREBTIOR, REWL, XEEF I IENRG XML A, TR E O (RIS
X) AR, Z=F/NT 1%[150]0 HI T4 55 B MRS SO B AR 2208 T 55X, (Al ] REARMEAE
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Ekpyrosis in LQC

el B A P R K S

Ekpyrosis is an alternative to inflation based on postulating the existence of a period of slow contraction
due to the presence of an ultra-stiff fluid with p > p ; for a review see [139]. Ekpyrosis is often taken to be
a cyclic cosmology, with multiple recollapse and bounce cycles, although to generate perturbations that can

match the observations of the CMB, only one collapse and bounce phase is necessary.

KRR RN R, HBRRGEE BB p > o WERITERAIXEh R ZER B 208
FISCHR [139]0  KERRBLEH WIANIER T, W& 200N 5 REEEA, (BEEARF ST
AR SOUEE RITS), R — DR

Assuming there are multiple matter fields, a phase of ekpyrosis will generate nearly scale-invariant en-

tropy perturbations (with a small red tilt), and these can in turn act as a source to excite density perturbations

with the same nearly scale-invariant spectrum [96, 107, 138, 140] to match observations. On the other hand,
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tensor modes are never significantly excited during ekpyrosis [68], so a clear prediction for ekpyrotic cosmolo-

gies is a vanishingly small tensor-to-scalar ratio.

BRAFEZ NI, KEIW B XL BOEARE N ZE RIS Gl A UL, X ERPish fod sk
A DR TR B A R AR AR 3 FE 43 (96, 107, 138, 140],  MIMIPEECIIMESS R, 55 —77
T, KENIREAIKERMARBTE L [68], Kl KT8 FHIBHIH S R K bR b,

Although the ekpyrotic scenario was first proposed in string-inspired braneworld cosmology [137], the
key ingredient to generate scale invariance-slow contraction due to an ultra-stiff fluid-is entirely independent
of string theory. For example, in LQC it is possible to couple scalar fields with an appropriate potential to
obtain the cyclic dynamics typically expected for ekpyrosis [83].

RUE KNSR AR AR R IR R BB SR i 2 A R A [137], R E AN R R—
BRIV A R AR A — 2 2SR T5208, Blan, ERBRFFHE¥ET, AlRinES S 5Ern
BME, SIS IR TSRS 11 [83],

Another essential ingredient needed for any ekpyrotic model is a bounce, which can be provided by
LQC. Further, since observationally relevant modes are super-horizon during the bounce, the equations of
motion for the perturbations through the bounce can be taken from the separate universe quantization for

long-wavelength modes [202, 205].

MK BN B — OB E R R, X—mr] HEE T FHAR ML AN, BTFLmEe
HIRELE S s AR P A AR, T [ 8 ia s /7 F2 1) DASR KR T 2 & k18
#1| [202, 205],

Solving the dynamics shows that the (nearly) scale-invariant curvature perturbations travel through the
bounce unscathed, and they freeze once the background spacetime starts to expand after the bounce [203].
This demonstrates that LQC can complete the ekpyrotic paradigm, providing the bounce necessary to pass
from a phase of slow contraction to our currently expanding universe. On the other hand, LQC does not
modify the predictions in any way, so while ekpyrotic LQC is a viable cosmology, there are no predictions for
LQC-specific effects in the CMB-the predictions for ekpyrosis are independent of the bounce mechanism.

RIGENIEEREERIH, OR) AREAZBAIHI AN A] DI Tt 2 id [, HAE RS 1 RN
THAIZAKIN R4S [203], IXUERAE & 58 Al PAsE s K ENEEK, 1R AN IR/ B 1 2 FA1 =
HIZAK T B TR AR5, S—77H, BRTFFHEZEIIRERAE, REREKSEETT
WA AR FE AR, FHMNE RPN EER T FH AR AN S — KBNS S5
R FEALHITER

LQC Matter Bounce

LQC P15 e

Another alternative to inflation that relies on a cosmic bounce is the matter bounce scenario. In a con-
tracting universe, if the dynamics are dominated by a matter (also often called dust) field with vanishing

pressure, then cosmological perturbations become scale invariant as they exit the Hubble radius, assuming
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the modes were initially in the vacuum quantum state [198]. If there is a cosmic bounce, then these scale-
invariant perturbations can provide appropriate initial conditions for the CMB [108]. A slight red tilt for the
scalar power spectrum is obtained if the equation of state w = p/p of the matter content is slightly negative
[204], for example, due to a small contribution from dark energy [76,79].

MREE T/ SRR 55 — R BT BBV PR R, WG T8, RSN % RN
R (ERNDER) ER, BARREAELETEZE T, FHAMIERERZF RN &
AT AL [198], WSRAATH G, XEAREAZRIMIAES CMB 2 SIE R HIE 51T
[108], WNRVIFHDPHIVIESTIRE w = p/p BENIUE, IREIIRIEMISGREMAILLHR [204], B
AIXTE T HERE R AN BTHR (76,791

Since LQC automatically provides a bounce, with a matter-dominated era of contraction, it is one possible
realization of the matter bounce scenario [204]. The simplest version of the LQC matter bounce is to assume
a matter-dominated phase all the way to the bounce, but this scenario faces several difficulties. First, in this
case the predicted amplitude of the scalar perturbations is determined by the energy density at the bounce (in
natural units), so a Planckian bounce gives perturbations of order one and is clearly ruled out by observations
(in addition to the fact that the regime of linear perturbation fails in this case). This problem can be avoided
by requiring that the bounce occurs at scales far below the Planck scale, but then this seems somewhat unnat-
ural from a quantum gravity perspective. Second, a matter-dominated contracting universe is unstable to the
growth of anisotropies [142], which also suggests that a matter bounce scenario with vanishing pressure for
the entire contracting phase requires extensive fine-tuning in the initial conditions for anisotropies to always

remain small.

BT LQC REB ALK, HINAYRESIRAENE, CRYIRHT R —MAlELIE X
[204], HfERRAR LQC ¥R T H —BEA TR ESMERERI R LLE, HixdRHhs
THME, EIE, XML S REMIAIT S IRiE i SN AURER T (BRI T) SRE, it
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BIREEEAER. HR, PI5ESEWNE TS E R ERE R MER [142], XRHAAREA
Wi BT R AR N TRV TR 7 5%, TREXHIESRAFRA T KBRS, A REiES MR a4 R
FHR

A scenario that alleviates these problems is to have the era of matter contraction followed by a period
of ekpyrotic contraction before the LQC bounce [78, 144]. Then, the amplitude of the scalar perturbations
is determined by the energy scale at the transition time between matter and ekpyrotic contraction (not the
energy scale of the bounce) [77,78,174] , and the energy density of the ekpyrotic fluid grows more rapidly
than anisotropies in a contracting universe, also alleviating the anisotropy problem [73, 75]. Even in this case,
there are observational constraints from CMB data that provide very strong bounds on the possible strength
of primordial anisotropies at the bounce [22], indicating that the anisotropy fine-tuning problem, although

alleviated, is not entirely avoided by adding an ekpyrotic phase of contraction.
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Another strong observational constraint on the matter bounce scenario is the latest bounds on the tensor-
to-scalar ratio of r < 0.036 [4]. The simplest realizations of the matter bounce scenario typically predict a value
for r close to 1, which is clearly ruled out. There are ways to suppress r , for example, by including several
matter fields, setting the sound speed of the matter field to be small, or amplifying the scalar perturbations
during the bounce, but these typically generate non-Gaussianities that violate observational bounds [74, 153,
175].

X R S 7 S 55— TR 2 HROR B BT r < 0.036 SKFRELIIRR (4], Y050 I 5437 St e i B
S UBE TS r 00 1, XBARCEWHEBR, FSSAFENNE r 7715, Blans I AZ 5.
WY RIAR IR E N ERIME, BURTE RS R BORFR &, (RIX 7 A B H A 2= AE M
ML RAAE =BT [74, 153, 175],

Interestingly, the LQC bounce can suppress the tensor-to-scalar ratio by decreasing the amplitude of
tensor perturbations during the bounce [205], thereby alleviating this problem. The factor of suppression
depends on the matter field at the bounce; for example, r decreases by a factor of 4 for radiation domination,
and the suppression is stronger the closer the equation of state w is to 0 during the bounce. Note, however,
that to significantly decrease r , it is necessary for the equation of state to be small, which reintroduces the

anisotropy problem discussed above.

AEbHIE, LQC /IR PAE S i R PRk BAARATIRIE, MTHIHIGKAREL [205], BEMZRMIX
AL, IR BT SN P B BN, BRSO r KREECONECRE 1/4, H5HE
BHPPISTTE wilBHr o, MHIBCREEE, EFREER, ZEERK r ZRYSTRER/, X
REHT I ESOHER S E S A,

In summary, LQC provides a simple realization of the matter bounce scenario, and LQC has the beneficial
effect that it can successfully decrease the predicted tensor-to-scalar ratio. Despite this, it remains a challenge
for the matter bounce scenario (whether realized in LQC or in some other bouncing cosmology) to simulta-
neously satisfy observational constraints from the CMB on the tensor-to-scalar ratio, non-Gaussianities, and

primordial anisotropies.

ik, LQC NYIBUR TSR At T —FhE Ay SEIIE S, I B LQC B4 RT DA = sk hntt
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e
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The discussion so far has focused on the simplest case: linear perturbations on an isotropic background.
In this section, we discuss extensions to go beyond linear perturbation theory and allow for an anisotropic

background spacetime.

FIHFOY BRI THEE S P E R A B AR O B RIS R _ERIZRIERGIL, AR HEER A
LQC IHEZRATY R, W@ IEMIEIeHEY, H s /NS FEES R,

Non-Gaussianity

S [T

The study of cosmological perturbations so far has been based on linear perturbation theory. Going to
the next order in perturbation theory is important to demonstrate the viability of the theoretical framework
by verifying that the perturbation theory remains under control and the compatibility of its predictions with
observations. This is a non-trivial demand, since self-interactions between perturbations are mediated by
effective couplings of gravitational origin, and these couplings could become large when curvature invariants
reach the Planck scale. This strategy has also been followed for many scenarios for the early universe such as
inflation [155], ekpyrosis [141], and the matter bounce [74].

5 NIE, FEHAMNNHR —BEE TS, KIS S N — 2 E 2 XA A
BUER A AL T RV, ke se S SIS, M ERH AR A M, X
—BURIFIESE, ROvshZ A B EER 5 T EIFRN AR G118, iR A2 & IAEE B
SeRER, XS ATRES IR A, I RIg th E N T RIS S 25, BIaE#K [155].
KEN T [141] RV [74],

It is, therefore, of interest to compute the corrections that self-interactions between perturbations intro-
duce in cosmological observables. If these corrections are large, then the perturbation expansion fails. But
even if the perturbation theory is shown to be under control, interactions among perturbations can still be
strong enough to generate sizable non-Gaussian correlations in the CMB, while there are strong observational
upper bounds [3].

Itk THESESNRIA B AR 48 T PN E R IE IE R IR A B XY, IR EEIERAK,
NI RN, ERMEUER T HsEIeAt T Al ll, shz AR S ERhrTaE e %aR, £
CMB £ R ARk, 0 H A E L4 8 T 4819 EIR (3],

A detailed analysis of non-Gaussianity within LQC has been carried out by extending the dressed metric
approach to next-to-leading order in perturbations [12]. See [7, 208, 215] for preliminary work in this direction,
where part of these non-Gaussianities were discussed.

IS RAS TR R TT IR PR B RIEKRT, X BT (LQC) AR T AT T iR
#r (121, AXRIETTREBPI TIE, HSH (7,208,215], HAIE T E2IEmEHTE

There are two quantities of interest: corrections to the power spectrum APy (k) induced by next-to-

leading order contributions as well as the size and form of the three-point correlation function <52k132k25€k3>
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that is identically zero in the linear (or Gaussian) approximation. We start by reviewing results for the three-

point function.

A SR & IRGSKI BTN D123 APy (k) FIIBIE, PARAELME (B In Ll R EAZH
= RRERRE Y (R, Ry, Rie, ) IR/ FRAT T8 SE Bl = s R B 25 2R

The three-point functions are quantified by the bispectrum By, (Kk;, k,, k3) defined by <52k132k233k3> =
(271')35 (k; + k, + k3) By (K, Kk;, k3) . The Dirac delta distribution is a consequence of homogeneity and en-
forces that k,,k, , and k; form a triangle. It is convenient to encode the amplitude of the bispectrum in a
dimensionless function fy; (k;,k;) , defined as

SR E M E Balk,kyks) E XMW R, R (R R, Re,) -
()8 (ky +1, +k3) By (k. Ky k) %tH, WHITE & 4RI HIVER, CAE kK, R
ks PR = F T A AUAOIRIBSR TS BITE RN f, (i, ky) FRRBTE, HREGE S

4
By (ky,ky, k3) = fan (k. ky) %Pﬁ (ky) Pg (k;) + cyclic permutations |, (22)

1%
where Py (k;) is the power spectrum and the last two terms are obtained from the first one by cyclic
permutations of k, k, , and k3 . The fy; (Kk;, k,) has been computed numerically in LQC with a post-bounce
inflationary phase [12] (assuming a vacuum state for the perturbations far in the contracting branch when all

modes of interest were deep inside the curvature radius), with the following results.

Hrb Py (k) YR, RIGWNIHE—TUE ky, k, f ks AR BIEEL fu (k, k,) EERER
TR O RS R RARIT BOEAT T RUET R [12](BATE R4 AR AT 7 3R A2 R,
Wt o> STRAERIREN AL T HAE), FEIDATEER,

First, far (K1, K,) is highly oscillatory around a small number of the order of the slow-roll parameters
(and equal to the value of fy;, in standard inflation); see Fig. 2 in [12]. Similar oscillations also appear for the
power spectrum, although in that case the oscillations do not average to a small number (see Fig. 2); these

oscillations originate from the oscillatory nature of scalar perturbations.

HIE, fa (k) FEIRRSEENHNUENRNE SRS (SARMERIKT fy, BERSE); 20508
[12] BYE 20 PIRIEM R HIERLCHIRS, FEEXMENT, RGIFISRAR NS A
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For large wavenumbers k 2 ki qc, fni (K, K;) reduces to the well-known prediction from slow-roll in-
flation that |fy.| ~ 1072 [155], as expected given the discussion at the end of the subsection “Inflation in
the Dressed Metric and Hybrid Approaches”-this is a good test of the calculations. On the other hand, when
the three wavenumbers k;, k, , and k3 are smaller than k¢ , then | fy.| grows to ~ 10* . The form of S is
peaked on wavenumber configurations for which k; < k, =~ k; and k3 +k, = k; ; these are called, respectively,

squeezed and flattened configurations.
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For k > k; (where k; is defined as the most infrared mode that exits the horizon during inflation; see Fig.

2), the modulus of fy, (ki,k,) can be approximated by [12]

T ke > dep G ke $0E SOM BRI TR HAL SRRV RZLAMES, S UE 2), fr (k. k) BIRRATE DN
[12]
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|fxe (K, ko)l = Fiype a 12 T[4/3] 0.647, (23)

where the amplitude Fy;, is found numerically to be ~ 10* . This shows that fn (k;, ky) is scale depen-
dent in LQC, with the dependence dictated by k¢ ; this is a distinctive feature due to the LQC bounce. Like
for the power spectrum, LQC effects for non-Gaussianities only become important for wavenumbers compa-
rable to (or smaller than) k;oc , whose value depends on the number of e -folds of inflation. Note that Eq.
(23) is an approximation for the modulus, as it does not include the oscillations in fy;, (ki,k,) ; an improved
approximation which does include the oscillations has been recently introduced [132]. Also, for k < k; the
bispectrum quickly falls off, as also happens for the power spectrum, as can be seen in Fig. 2; hence k; can be

seen as an infrared cutoff.
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The predicted amplitude |fy; (k;, k)| is smaller than the upper bounds on non-Gaussianities obtained
from CMB observations [3]. Furthermore, the recent analysis in [132] shows that even if kjoc lies in the ob-
servational window of the CMB, the oscillations of fy, (k;,k,) are very effective in washing away the imprint
in the CMB bispectrum of the non-Gaussianity produced at the bounce. (This is because the CMB bispectrum
is obtained from fy; (k;,k;) by smearing out k; and k, against spherical Bessel functions, and the oscilla-
tions drastically reduce the result of this smearing.) Hence, it is not expected that such non-Gaussianities will
be found in the CBM bispectrum. This is compatible with the recent data analysis performed in [95, 195].
However, this does not mean that the primordial perturbations are Gaussian in inflationary models in LQC,
but instead it implies that we need to look elsewhere to find its effects. One such possibility could be the
large-scale anomalies in the CMB power spectrum, as discussed in the subsection ”Inflation in the Dressed

Metric and Hybrid Approaches”.
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Finally, the correction to the power spectrum APy, (k) at next-to-leading order in perturbations has been
shown to be AP% /Py ~ €fni.Px [12], where € S 1072 is the slow-roll parameter during inflation. This expres-
sion produces APy /Py < 10™*. Therefore, although the amplitude fy; in LQC is larger by several orders
of magnitude than its value in slow-roll inflation, the perturbative expansion remains valid. The smallness
of APz /Py in LQC, even though |fy; | is large, is due to the fact that higher-order perturbative corrections
are proportional to higher powers of P (k) , and P¢ (k) S 1077 is small. In this sense, Py (k) is the small

“parameter” that ensures the validity of the perturbative expansion.
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Anisotropies

sk

Anisotropies are an important topic in bouncing cosmologies, since they rapidly grow in a contracting
universe. In general relativity (and in absence of sources of anisotropy), in homogeneous spacetimes the
shears are proportional to the inverse cube of the scale factor, so even the tiniest deviation from isotropy
would tend to grow rapidly in the contracting phase of the cosmos, more rapidly than contributions from
cold dark matter and radiation fluids, and could dominate the dynamics. It is therefore important to check
how the predictions for the CMB summarized above (and derived assuming isotropy) may change if some
degree of anisotropy is included. This has been analyzed in detail for the simplest anisotropic (though still
homogeneous) background spacetime, namely, the Bianchi I geometries [19,20,22].
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For the homogeneous background, a study of inflation in anisotropic Bianchi I models within the effec-

tive theory of LQC shows that, first, the attractor character of inflation persists and, second, solutions of the
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effective equation which are of phenomenological interest, the universe isotropizes both to the future and
past of the bounce [123]. This shows that the so-called cosmic no-hair theorem of general relativity [196] that

anisotropies in the early universe are generically washed out by the expansion remains true in LQC.
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On the other hand, cosmological perturbations retain memory of the anisotropies for much longer than
the background geometry does [19, 20, 22]. This is because anisotropic features in the perturbations do not
dilute as the universe expands, although they are red-shifted in the sense that wavenumbers k of the modes
with non-zero anisotropies can be red-shifted to super-Hubble scales and made inaccessible to observations.
Since the red-shift is linear with the scale factor, unless the accumulated expansion in the cosmic history is
much larger than what it is commonly accepted, perturbations can evade the cosmic no-hair theorem and
imprint some degree of anisotropy in the CMB, even though anisotropies in the background geometry may

be completely diluted by the expansion.
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The theory of cosmological perturbations on a background Bianchi I geometries is significantly more
complicated than its counterpart on FLRW spacetimes. The equations of motion for scalar and tensor per-
turbations can be derived for classical general relativity by expanding Einstein’s equations [172], as well as
in a Hamiltonian treatment, better adapted to LQC, where the quantization can also be completed [18, 21].
Anisotropies introduce two main new features for the dynamics of the perturbations, by modifying the effec-
tive potentials in the perturbative equations of motion such that they (i) now depend on the direction of the
wavenumber k and (ii) couple scalar and tensor modes. These potentials induce anisotropies in the pertur-
bations, even if their initial state is isotropic, as well as correlations—and quantum entanglement—among
scalar and tensor perturbations. In particular, the scalar and tensor power spectra of the isotropic theory are
replaced by a family of direction-dependent power spectra By (k) , with s,s" = 0,+2,—2, where s = *+2 de-
scribe circularly polarized tensor modes. Anisotropies in By (k) can be quantified by their angular multipoles,

obtained by expanding the spectra in spin-weighted spherical harmonics

bbZe i 18 58U LB s, Ik FLRW B2 ERXT MG S 2%, ARE sk &Rahiigs)
73R8 AT DS 2 R ISR S B2 80 SGHAE RRITES, tHR] DA G AL & 7
ARG RITAESR FALEE, I BRESERUE T-1L (18, 21], SRS M@ B Ishiash T B RA RS,
LB BN T A RN T EFTR (i) B R PRI TR k RT3 18, (i) A AR R gk B XA
HHE. REBIFLINNPRSEFE, EGESRSHFEER, B2 RREIEIKER
B Z AR DN B A8, BRI, 2[R EE AR B 5K B D3R 1 0 — I 77 MR )
ik By (k) BUR, WE s, s =0,42,-2, Hs= 2 fiiAERIRIKERN. By (k) HHIEH S
R PUEIE A AR, M AR R S B B BERIE R R T 152
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oo L
Ry (k) = Z Z lzé'M (k) s—s'Y L (12) > (24)
L=|s—s'| M=—L

wheres_¢Y 1 (l%) is a spherical harmonic of weight s—s’ . The use of spin-weighted spherical harmonics

PLM

guarantees that all P

(k) are scalars under rotations. The coefficients P-M (k) , which depend only on the
modulus of k , encode the information about anisotropies in the primordial perturbations and are all zero
in the isotropic limit except for L = M = 0. In Bianchi I geometries, L is constrained to take even values,
if the initial state for perturbations is parity invariant. Multipolar components P-M (k) with s # 5" describe

correlations between different perturbations.

HAr o oY par (k) RAEN s — s BIBRISRREL, RIS BT RIERT A BEM (k) TERER: 15
JobRi. (VRHT k BKHIEREL BIM (k) gwtd T IR OHLEN IS A EE R, R mEERRT, BR
L=M = 0N REBITNE, FEEZETRUTH, SRS RATFIRAZEN, W L HLAR

PEEL, s # s IR 8 BIM (k) HA R RN < A SRk,

The functions PSI;,M (k) have been computed in LQC for inflationary models [19, 20] as well as for the ekpy-
rotic and matter bounce scenarios [22], with the common prediction in all these models that anisotropies
in the primordial spectra are dominated by the quadrupolar contribution L = 2. The key difference be-
tween different models is the predicted scale dependence of the quadrupole: for inflationary models, P2V (k)
scales approximately as 1/k , while for ekpyrosis and the matter bounce, PsﬁM (k) is almost scale invariant. A
quadrupolar modulation in the CMB is the hallmark of primordial anisotropies, and its scale dependence can

be used to distinguish between inflation and some of its alternatives.

TERE BT LQC /1, AL R [19,20] PAS K ST B S 5817 5% [22] THRASE] T
BERIM (k) , FrARXEBRINREITE R, S r& S Rl L = 2 3%, RREE
TR O DX AITE T PUAAR BRI R T R T 2R, RZM () DU 1/k R, T K &0
BEUFYIRURE, P2V (k) L2 EAZER), CMB H IR A G2 R & S bR, HARE
AT AT T DX 70 B AR AR 0 A U,

Interestingly, a quadrupolar modulation has been detected in the CMB [24], although its statistical signif-
icance is low, since the chances that such quadrupole could have been generated in an isotropic universe as a
result of a statistical fluke are high. Nonetheless, the observed quadrupole may have a natural explanation in
primordial anisotropies generated by a cosmic bounce [19, 20, 22]. Future observations, particularly if tensor

modes are detected, will help to clarify the origin of the quadrupole and its scale dependence.

HEE, AMBEZLE CMB FIRIEIURIAT [24], NEERNSTREERIE, FOVXREHRZ
Gk I AE 2 R VT 8 = AR HOBER IR e BN, LIS PR BT DAR 5 S5 2E B B AT
SRR B ZRRIMRRE [19,20,22], AR, JUHZURIRMEGK BALE, GBI R A
R FEE AR (S

Itis also possible to compute angular correlation functions in the CMB, Cgfe)f " where X ,X' =T, E, Brefers
to temperature, electric, and magnetic polarization in the CMB, including their cross-correlations, in LQC
[19,22] . In particular TB and EB correlations are forbidden by symmetry arguments in FLRW spacetimes,
while they are non-zero in Bianchi I and are therefore a smoking gun for anisotropies. Finally, Ref. [19] also
contains a Markov chain Monte Carlo analysis (MCMC), using TT, EE, TE, and lensing data to find the best
fit to the six free cosmological parameters Qp, Q., Opc, T, Ay , and ng in presence of anisotropies.
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£ LQC AT DALHE CMB IR SCBRER AL XX, Hh X, X' = T, E, B4 CMB FRIIEEE. HimiR
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Limitations
Ja PR

LQC has been able to provide a detailed possible picture for the Planck era of the universe. This scenario
has been applied to extend existing viable cosmological models based on general relativity to include Planck
scale physics. The inclusion of cosmological perturbations described in this chapter has led to a better under-
standing of the way Planck scale physics could be imprinted in the observables we have access to at present,
mainly through the CMB.

Pl 755 (LQC) EZRENS a7 B9 B e i AR B —IRIE IR T REIE . X —HERE M T
T X IR AUEE AT 8 AR, R AT RS BEAN AL, R B F filIR F= di R
FISIA, TEAATTSE G PR g 1 8 B v R BN BE 32 080 ) B = (CMB) B EFRATTAN S
CIPUAISIERE N

The main limitations of this research program are rooted in the absence of a complete theory of quan-
tum gravity. This is what motivated the development of LQC at first, as a symmetry reduced version of LQG.
These limitations are carried over to the description of perturbations. The strategy followed so far for LQC
and cosmological perturbations is a common one in physics: start from the simplest scenario, and add compli-
cations in a sequential manner, in order to test the robustness of the predictions. One expects that, although
fine details may change as one builds more complete models, the main features will be robust. This strategy
has been very successful in the history of physics, from the study of the hydrogen atom to black holes. Re-
garding perturbations in LQC, this was the motivation to study anisotropies and non-Gaussianity. But there
still remain several avenues where the robustness of the theoretical framework needs to be further tested. We
summarize in this section the status of the main two limitations, namely, the absence of a loop quantization

for cosmological perturbations and the existence of quantization ambiguities.

WA T 1A 3 R R AR IR T = — BB R 75 Ee, XIER LQC &AENE R ¥ 5
11 (LQG) MFREHERRABTT A KIS A, XL )5 IR BIESLE] TN+, 151k, LQC A
FHMPUR AT A R H B MREIRAER R, BPBRPHINERE, D
ke S HIRS Y, E5EEINh, REMNEE BRI A RE A A, EROFESR
Fifafd, X —RISTEMHL R B NSRFIT 2 BN 7CAR IR R R, 5 LQC A& A e
FEmHEthIER TR —F &, HEREZ D77 AHREHTE PR ISR RN, JAEAR
TR TMARRRIERIFTARILR, BIFHEMItM A AR TR, DR EIFE,
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Trans-Planckian Modes

5 B B

In LQG, the simplest geometric observable is the two-dimensional area of a surface. The spectrum of the
area operator is discrete and has the important property that there is a minimum non-zero area eigenvalue
A ~ €3, , called the area gap. In this sense, there is an ultraviolet cutoff for the area in LQG. This raises the
obvious question: is there an ultraviolet cutoff for the wavelength of cosmological perturbations? In other
words, do there exist cosmological perturbations with a trans-Planckian wavelength 4 < €p; , or not? This is

the trans-Planckian problem in cosmology.

FEER T 5171 (LQG) W, A= fal B J L] Al WL & 2 il e A — 4k ren A, T ARRAS T2 B, HLA
A—NEEMNR: FERNEZHEAARIEE A ~ 65, FOVERABER, MXPNEX BB, LQG HH)
TR AE— SR SMEMT 3k 5 [ HH 7 — SR 5 DL AL 7 B AP AT 2 A5 AP AR 2R SN T2
BATTEYL, RO RN KOS e R T AP8N 1 < 65 ? IXWUR T 87 A TS B v 1AL,

Note that the trans-Planckian problem is of particular interest for inflationary models, since if the in-
flationary period is sufficiently long then some of the CMB modes would have been trans-Planckian at the
onset of inflation, in which case the trans-Planckian problem becomes observationally relevant. But even for
alternatives to inflation like ekpyrosis or the matter bounce, the trans-Planckian problem is still present as a
conceptual problem even though it may not be observationally relevant.

TEERERE, 5% v R E R R TR U A T, BOVINRBIKI RS K, ABA BT
TIBH = (CMB) BEIERIKIT AL C 202 B8 BT, IXRR L T 5 B v 1R -t S5 LA
Ko (HRIMEXS T KEMEEP P X SR AU, 253 B ve (P s SR T RE S WRINTE R, EAER
7B MEERIRE S AR,

The possibility of an ultraviolet cutoff for cosmological perturbations, motivated by quantum gravity, has
been proposed in various contexts [130, 136, 157, 200]. On the one hand, it could cure ultraviolet divergences
in the quantum theory, but on the other hand, it seems to require a dynamical number of degrees of freedom
since the ultraviolet cutoff is k < 1/a () €p (although this would presumably not be a problem for full LQG
where the Hilbert space includes all possible graphs). A naive cutoff can also induce unwanted violations of
local Lorentz invariance: even if the cutoff is at the Planck scale, such a violation can produce prohibitively

large effects at low energy due to the integrals in k appearing in radiative corrections [86].

& 5105 T a AR AR RSN R FTRENE, EZAE 2 MR E R #dR H [130, 136,157,
200]c — 75T, IXA] DARERE T B FR RSN BRI, {H5— 77T, BRLFESR B RS ERD)
), RINSIMEMTE k < 1/a (1) €5 OREIZN 528 LQG RUTAMEARRIE, 2% LQG KIFR/RMA
R REE T A AT RERTIE). ANRATEINIE S5 2 A E K RIS AC 2L A ZEMERIA: BIEEMNTAE T
I RE, HTESHMEED k IR, XAt S TERRE D A R BITC IR ZHIRN, [86].

While the presence of an ultraviolet cutoff for the LQG area observable is suggestive that there may also
be a cutoff for the wavelengths of cosmological perturbations in LQC, it is not conclusive. There are several
proposals for length operators in LQG [45,154,191] , and while they have a discrete spectrum, numerics
suggest eigenvalues can be arbitrarily close to 0 [70]. This discussion is quite preliminary, and more work is

needed to determine whether there is or not an ultraviolet cutoff for the length operator and the implications
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for cosmological perturbations.

LQG A A] X & 77 7E S MBMTIX — SR LQC FR YT B 2P ahi K ml sE A AE BT, (EIXFFA
REIL. LQG FFEZ N R T KERTFHHESE [45,154,191], IXEEKERRFIEAZ A0, (3
EHERIHAIEE R DUERIERIE 0[70], HAETAHRINHEIE+ 04, TEELSHFORME KER
FHREFESIMET,  DARIXX 58 s A (TR,

In the dressed metric approach, the adiabatically renormalized energy and pressure densities of the per-
turbations always remain below the Planck scale, even near the bounce [11]. Since LQC effects only become
important for the background dynamics when the energy density approaches the Planck scale, this (combined
with the absence of an obvious minimum length in LQG) suggests that it may be sufficient to concentrate
on LQC effects on the background degrees of freedom and to assume that LQC effects in perturbations are
subleading, in particular for the longest wavelengths we observe in the CMB. This motivates the Fock quanti-
zation of perturbations in both the dressed metric and hybrid approaches. But it is a strong assumption, and
it is desirable to reinforce it from the point of view of full LQG.

7 dress LT IEA, S4uRERBAVANRE R TN EoH IR RIFE S R ELT, RIEE
IR RN [11], BT HAYEEREE RS T RER, LQC N A 22X E Rah¥4
HEPN, X — (458 LQG A FAE R E/MSERISEIE) W, JATFATRZENTT LQC M H
5 H RN ETAT, Ri% LQC X PLahHIRINZ ER], X THAHE CMB FFRLINEI AT iR KR KR
BCHANE, X dress FEALTT AR & 77 IEHON PUEh i TRE se 2L IBhil. Eix2—MR5E
AR, M7E%E LQG MMAEHA, BREMIXMRBGE—FIIE,

For a phenomenological study of potential trans-Planckian effects in LQC, see [162] where modified
dispersion relations motivated by analog gravity [193] were considered; the result is that if there are sufficiently
many e -folds of inflation, in some cases these modified dispersion relations can have an impact on predictions
for the CMB. It remains to be seen whether modified dispersion relations can arise due to LQC effects on

cosmological perturbations and if so what specific modified dispersion relation captures the LQC corrections.

KT LQC HEs M I RN IMER IIEFE, RIS 3K [162], X TAEWIZE T HEELS 15 HEE Lt
HRAR [193]; 4Hi, WMRBRKGFERBEZH ¢ BIKITS, RSB TXEBEABKRAIN
CMB BT S =AM, BIEGEORRZ G ERA] DI LQC X i F a4, AR AT LA,
SRR EARIE IE LB RAES IR LQC B1E, XEERIEHYA 5T,

It would be nice to study this question using a loop quantization of perturbations, like the approach
based on the separate universe framework [202] summarized above, but this approach is limited to long-
wavelength modes, and consequently it cannot shed any insight on the trans-Planckian problem; see the
subsection "Separate Universe Loop Quantization” for details. Instead, it may be necessary to go beyond LQC

and study cosmology from full LQG; for recent work in this direction, see the section "Beyond LQC”.

FAH AT DS Peah i el B ORI Z0OX N AR, e b SR ESAEE T332 T HTREZR Y 777 [202],
EZTTENR T RIKART, KTV s v R AR UL, TR RSz e B L™
NI MR, BAEFELERk T LQC HITEE, M5E%E LQG MR TH Y, MXEFITH IS
Wb BT E,

In summary, whether the possibility of a Planckian cutoff is realized or not in LQC, it is clearly important
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to understand the impact of LQG effects on trans-Planckian modes: are they ruled out by LQG, or do they
exist with possibly modified dynamics? More generally, recall that for FLRW spacetimes, LQC effects (as
expressed for sharply peaked states that can be well approximated by an effective description) modify the
classical equations of motion with terms of the order p/pp; , and it is well understood that corrections of this
type affect cosmological perturbations as well. For Fourier modes of perturbations whose wavelength nears
(or perhaps is even shorter than) £p; , it is possible that LQG effects may modify their dynamics with extra
quantum corrections of the form 1/¢p, , with the exact form of these corrections remaining to be determined.
These are important open questions that could lead to a much better understanding of quantum gravity effects

in cosmology.

BMEz, TIRERFTFHY (LQC) R i A M al, BB &R T 5177 (LQG) RN 5 &
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Quantization Ambiguities

e 3%

A second problem in LQC (as well as in LQG or, more generally, in non-linear quantum theories) is
the presence of ambiguities that arise in the quantization process. Generally speaking, there are two types
of quantization ambiguities that are relevant for cosmological perturbations: ambiguities arising in the loop
quantization of the FLRW background and ambiguities concerning the perturbations themselves.

LQC(BAK LQG, HJ {ZHiifTaELME T HIL) KB NEle, B rdBEaERY, —#k
M, S5FHAMIHERINETFHE X AP FLRW 8§ 5 & TR, A
TRPLA BAR SR BB S

There are several sources of quantization ambiguities for the loop quantization of the FLRW spacetime,
and these ambiguities will of course affect the dynamics of perturbations evolving on this background. These
include ambiguities in the definition of the curvature and inverse volume operators [188], as well as the am-
biguities related to modified LQC that have been discussed above in the subsection A First Look at Quantum
Ambiguities: Inflation in Modified LQC”, specifically which form of the Hamiltonian constraint to quantize
and whether it is necessary to use Thiemann’s identity to express the extrinsic curvature as an operator. The
first category of ambiguities is less important as it leads to some quantitative differences in the quantum evo-
lution, but qualitatively the dynamics are not significantly affected by these ambiguities, at least for the flat
FLRW spacetime. On the other hand, the ambiguities of modified LQC produces important differences in the
quantum dynamics of the background spacetime in the contracting branch before the bounce and can have
an impact on the perturbations evolving on this background, as explained in the subsection ”A First Look at
Quantum Ambiguities: Inflation in Modified LQC”. For this reason, it is important to better understand how
to address these ambiguities properly.

54



FLRW I 22 (U8 & T LA E 2 D SEE TIBSHRIE, IXEE R IEMMAEIZH = N ELH
WILHIBN % IR SCEAG IR FNE AR E AP RIE L [188], PANAE “#IIRE T B X BIE
LQC FFHYRAK” /NS S B IE LQC MRS, BASRIRLR X A s i)
RHATRE T, DULEGHBEFEMF 2IEF I RFTNERT, H—RESCIRER, Fh
EARXSEE AN —EEEER, HEVNTFHE FLRW NS, XEE K AEE s b
RREEREN 1. —T7H, B “FIHRE T B BIE LQC HHIZAK” AN, B1E
LQC Ay L RAE AT AE 7 L h S BOE fiIN 2B Fa N A MBI EEE R, FFATRENEIXH
BNEACAIRPL AN, Rt S R AR i 22 35 A B L B AR R

Another ambiguity is closely related to the problem of time. In LQC, the problem of time is usually
addressed by using a matter field as a relational clock, so that the quantum evolution of the cosmological
wave function is calculated with respect to the matter field. While this is a natural way to address the problem
of time in this context, in general there may be multiple matter fields present, and then there is an ambiguity:
which matter field should be used as a relational clock? Further, it is also possible to use geometric clocks as
well as matter clocks [116, 158], which clearly increases the number of possible clocks. Presumably, it will
always be possible to choose different clocks, but (although this point is clear in the classical theory) relating

the quantum evolution with respect to different relational clocks is not always simple [113, 194].
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Finally, the last ambiguity is due to the absence of a complete loop quantization for cosmological per-
turbations. There are four main approaches that have been developed, as reviewed above: the dressed metric
approach, hybrid quantization, the separate universe framework for LQC, and effective dynamics. All of these
approaches have their strengths, although none can be considered complete. At this time, it is necessary to
make a choice on which approach to use (although the dressed metric and hybrid approaches give very similar
results [145]). As discussed at the beginning of this section, an important open problem is to understand how
to perform a loop quantization for all cosmological perturbations (and which will hopefully give these four
approaches in various limits). Note that clarifying the connection to full LQG may help both with resolving

these ambiguities and developing a loop quantization for the perturbations.

B JE— AR IR T F i A IR A e B B & T 3. (ERTERIR, BRI AR PYfh
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Beyond LQC

i th Bl 7 i < (LQC) B

LQC is based upon applying the quantization tools of LQG to cosmological spacetimes. But LQC is a
symmetry-reduced model, in which the symmetries of the spacetimes of interest are imposed at the classical
level, before quantization. The processes of quantization and symmetry reduction do not commute in gen-
eral, so there is no guarantee that LQC does not miss some important aspects of LQG. Symmetry reduction
has been useful to make progress from black holes to atomic physics, but it is clearly desirable to eventually
connect LQC with full LQG. Further, since there are ambiguities in the definition of LQG itself, connecting
LQC to LQG may also give some suggestions on how to address the ambiguities of LQG. There have been
some promising results-for both background and perturbative degrees of freedom-coming from three differ-

ent directions: canonical LQG, covariant spin foam models, and group field theory.
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For the homogeneous and isotropic FLRW spacetime, there has been significant progress in extracting
cosmology from full LQG. To do this requires several nontrivial steps. The first step is to pick a certain ap-
proach to LQG and a particular definition of the dynamics; given the quantization ambiguities in LQG, it is
interesting to explore different possibilities and determine whether some choices are preferred over others.
The second step is to choose a certain class of quantum states that may correspond to cosmological space-
times; this is done by determining how to appropriately impose the conditions of homogeneity and isotropy
on quantum states (note that these conditions cannot be imposed exactly due to quantum fluctuations). The
third step is conceptually simple but often technically difficult, which is to evaluate the quantum dynamics,
as prescribed by step 1, on the states chosen in step 2. In general, approximations are often needed in this step
since the quantum dynamics typically is not tangential to the subspace of cosmological states chosen in step
2.

RS & AF M FLRW I 2, M5E%E LQG S HFTHZCERUS TERRE, X—EdRFES
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For canonical LQG, there has been work relating LQC to full LQG at both the kinematical and dynam-
ical levels. Kinematically, it has been shown how to define a diffeomorphism-invariant notion of a homoge-
neous and isotropic sector of LQG and how to embed the LQC kinematical Hilbert space into the one of LQG
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[27,41,42,71,101 — 104, 109] (see [43] for an extension to Bianchi I geometries). Multiple approaches have
been developed at the dynamical level; three based on studying coherent states on a fixed graph structure in
LQG are as follows: (i) the quantum-reduced loop gravity approach where the additional symmetry that the
metric be diagonal is imposed on the quantum theory as a weak constraint, reducing the SU(2) labels on the
graph to U(1) quantum numbers [25,26]; (ii) using complexifier coherent states and treating the Euclidean
and Lorentzian terms in the scalar constraint separately as in full LQG, which is related to the modified LQC
theory mLQC-I (see the subsection "A First Look at Quantum Ambiguities: Inflation in Modified LQC”)
[90,91]; and (iii) using a path-integral reformulation of LQG [126] as well as a perturbative expansion of the
Hamiltonian constraint [210]; these three models also give results similar in some ways to LQC or modified
LQC, although with some important drawbacks concerning the classical limit [92, 171] and not matching
some aspects of the LQC/mLQC-I dynamics [33, 209] known in the LQC literature as the "improved dynam-
ics.” To address these shortcomings, the above work has since been extended to allow for graph-changing
dynamics for the approach based on the path-integral reformulation of LQG [128], while other approaches
have also been developed with a key ingredient being length-dependent holonomies [48, 127]. Both of these
approaches, with graph-changing or length-dependent holonomies, give the correct classical limit. Further,
the dynamics in the Planck regime are very similar to mLQC-I for the graph-changing LQG dynamics [128],
while the approach based on length-dependent holonomies gives dynamics very similar to standard LQC [48,
127].
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For the covariant spin foam approach, the dynamics is based on the spin foam vertex amplitude for ver-
tices of arbitrary valence defined in [134], while the quantum states are coarse triangulations of a 3-sphere,
capturing large-scale degrees of freedom [46,47,176]. It seems likely necessary to extend these models to allow
for either graph-changing or length-dependent holonomies, as in the canonical case, to recover the correct
dynamics. But already some important qualitative similarities to LQC arise, like a non-singular bounce, and

suggest the connection between LQG and LQC will be possible in spin foam models as well.
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PR FRIX AR AR AN E B K FEARIANR . (HECA BRI THER 777 EEEN
VAU, PRanEEr i, IXERIATE B e R rh tha] DU S LQG 5 LQC HIKER,

For group field theory (GFT), the dynamics is based on the quantum equations of motion for the GFT
field, and the quantum states corresponding to FLRW spacetimes are assumed to be condensate states, where
homogeneity is imposed by assuming every quantum of geometry is in the state [115]; this approach is based
on viewing cosmology as the hydrodynamical limit of GFT [169]. Using a massless scalar field as a relational
clock, the dynamics can be extracted in a relational form, giving dynamics very similar (and in fact identical
for a specific class of states) to the LQC dynamics in the limit that the non-linear term in the dynamics is
negligible [170]. For further work on the cosmological sector of GFT, see [94, 112, 173, 207].

YT REAIE (GFT), #1115 T GFT BB FIZ5 512, X FLRW IS & SN2 5
A, BEEEEA ) UTE PR T RIS SNE [115); ZA T HEIA GFT MRz
JIPERIR [169], DATEREMREIAIER KRN, Al DERBU R RS %, i EhdELk
MEITR] ZRSPIARIR R, iS85 LQC s AR MRl R — RS E R 2MME)[170], %
T GFT T sector [NE 25T, S [94, 112, 173, 207,

There has also been work in studying cosmological perturbations starting from full LQG. There was
some early work based on the quantum-reduced loop gravity approach [125, 168], and importantly this has
since been extended to use length-dependent holonomies [128]. Also, quantum correlations between different
spatial regions have been studied in spin foam models [120], and two approaches to perturbations in GFT have
been studied, one based on using matter fields as reference rods to localize perturbations [114, 156] and the
other on an extension of the separate universe approach for long-wavelength scalar perturbations to GFT
states [111].

H AT ATFRMEEE LQG AW T H A, FHIA TR 7851175 R LIE [125, 168],
HEME, %7 AE T R RN K AREIANUR [128], AN, CHEMIZTE B IEEREA R
AR 2 R DX TR & 756K [120]; GFT AR 7RI 1%, —FDIWIBU NS EATE
R [114, 156], 55 —RR RN R MELAY 2 = T8 75 7E9 R 2 GFT 45 [111],

The progress made so far in understanding the relation between LQC and LQG is encouraging, but re-
mains incomplete. The three approaches developed so far each have their strengths and weaknesses. Canon-
ical LQG offers a relatively direct path to recover cosmological dynamics, but it is difficult to handle graph-
changing dynamics which have been argued to be important. It may be possible to sidestep this problem by
using length-dependent holonomies, but this is a new ingredient that would also need to be implemented
in full LQG. The work in the spin foam approach suggests using especially simple quantum states to de-
scribe cosmological spacetimes, but it seems that more complicated states (i.e., more refined triangulations
of a 3-sphere) will be needed for cosmological perturbation theory, especially to describe short-wavelength
perturbations. And for GFT, condensate states seem to capture the notion of homogeneous states extremely
well, with their dynamics very similar to LQC, but these condensate states ignore the graph structure of the
quantum state, and this may lead to a too-rapid growth in the strength of the nonlinear term in the GFT

dynamics.

58



HATEHEM LQC 5 LQG KRR LBUSH RS NESE, HIA%EE. CRBRN=MITIESHIS:
IEN LQG f&fit T — 5N BN R REITH )%, BRI+ BZEN D)
¥ TN KRR A DAGEE XN A, (HIXE MR, EREEZE LQG %
o EBERARTTERINTFR, FTRRAIE AR SR T N2, ERargfdiie, Tz
FRTEBR AR, PR EE L RIS I =R =M. T T GFT, BRSNS
MZIE AR Ht, Hahh#h5 LQC AER MM, (HIXREERSREE 727 SHEEH, XAlRES
B GFT ah )~ # AL M Tl B 1 KO T

It is our hope that future work in these various directions will address these challenges and further im-
prove our understanding of quantum gravity effects in cosmology, both at the background and perturbative

levels.

BAIE, AR EAFE T AR 7 RER AR OX LA, 3 — PR A I F i A &5 R0
WER, TICRERZEICE MR,
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